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Nanofluids occupy a large place in many fields of technology due its improved heat 
transfer and pressure drop characteristics. Very recently, a new type of nanofluid, 
known as hybrid nanofluid, which consists of a mixture of two different nanoparticles 
suspended in the base fluid has been found to be the most emerging heat transfer 
fluid. It is well also established that entrance region effect enhances heat transfer rate. 
The present study deals with numerical investigations of the hydrodynamic behavior 
of the laminar mixed convective flow of a hybrid nanofluid in the entrance region of a 
horizontal annulus. A thermal boundary condition of uniform heat flux at the inner wall 
and an adiabatic outer wall is selected. The SIMPLER numerical algorithm is adopted in 
the present study. The hybrid nanofluid consists of water as base fluid and Ag-TiO2 as 
nanoparticles. The ratio of Ag to TiO2 is maintained as 1:3. The objective of the current 
study is mainly to analyze the hydrodynamic behavior hybrid nanofluid in the entrance 
region. The investigation reveals that the effect of the secondary flow due to the 
buoyancy forces is more intense in the upper part of the annular cross-section. It 
increases throughout the cross-section until its intensity reaches a maximum and then 
it becomes weak far downstream. The development of axial flow and temperature field 
is strongly influenced by the buoyancy forces. 

Keywords: 
Annulus pipe; buoyancy effect; entrance 
region effect; hybrid nanofluid; 
simultaneously developing flow; 
numerical simulations; Nusselt number 

 
1. Introduction 
 

The first decade in the research on nanofluids has primarily been devoted to the measurement 
and modeling of fundamental thermophysical properties such as thermal conductivity, density, 
viscosity, and heat transfer coefficient [1,2]. Nowadays, researchers are trying to explore the 
performance of nanofluids in a wide variety of engineering applications. Thus, a lot of experimental 
work, as well as theoretical models, have been reported by the researchers to improve the thermal 
properties of nanofluids [3-8]. Regarding the selection of the flow geometry, a concentric annular 
duct has been chosen in the current study. This duct is used in numerous heat transfer and fluid flow 
devices. For example, the cooling of the nuclear fuel rods requires the consideration of mixed 
convection heat transfer. The condensers for seawater distillation, underground electric transmission 
cable using pressurized gas, cooling of turbine rotors, the chemical vapor deposition processes for 

                                                           
*Corresponding author. 
E-mail address: nabdulhafiz@kau.edu.sa (Nazrul Islam) 
 
https://doi.org/10.37934/cfdl.13.7.4557 



CFD Letters 

Volume 13, Issue 7 (2021) 45-57 

46 
 

the fabrication of semiconductor devices, the thermal storage systems, the food processes, and the 
thermal insulation are additional examples where the results of buoyancy-influenced convection 
heat transfer in annulus pipe are useful. Investigations [7-12] on mixed convection in horizontal 
annuli revealed that heat transfer augmentation for simultaneously developing flow is higher than 
that for fully developed flow [13-18]. It has been observed that further improvement in heat transfer 
performance can be achieved by using nanofluid [19,20] in place of conventional cooling fluids such 
as water, oil, and air.  

Very recently, a new type of nanofluid, known as hybrid nanofluid, which consists of a mixture of 
two different nanoparticles suspended in the base fluid has been discovered by the researchers [21-
24]. Superior thermal characteristics of hybrid nanofluids have not only been declared it to be the 
most emerging heat transfer fluid but also the most fascinating one for future studies. One such 
hybrid nanofluid is Ag-TiO2/water. High thermal conductivity of Ag is an additional benefit of this 
hybrid nanofluid. 

Review of literature reveals that no study on hydrodynamic analyses of hybrid nanofluid in the 
entrance region of horizontal annulus is reported so far. However, fluid flow in annulus is of great 
technological importance as annular duct is widely used many industrial applications. Hence, in the 
present investigation, hybrid nanofluid has been chosen due to its improved thermal characteristics. 
The analysis has been carried out with steady laminar combined free and forced convection flow in 
the entrance region of horizontal concentric cylindrical pipes. The nanofluid considered is a 
suspension of silver (Ag) and titanium oxide (TiO2) in water. The thermal boundary condition of 
constant heat flux at the inner wall of the annulus and a thermally insulated outer wall has been 
considered in the present study. The code reported by Islam et al., [7] has been modified and used 
to conduct the present study.  
 
2. Numerical Methodology 
 

The physical model considered in the present study is presented in Figure 1. Constant heat flux 
has been applied at the inner wall of the, while the outer wall is insulated. For the formulation of the 
problem, it is assumed that the flow is laminar, steady. The variation of density has been considered 
only in the body force terms. It is also assumed that the flow is hydrodynamically as well as thermally 
symmetric across the vertical plane (θ = 0o and θ = 180o) perpendicular to the axis of the concentric 
pipes. The radii of outer and inner pipes are chosen as 20 mm and 10 mm, respectively. Hence the 
outer radius (ro) to inner radius (ri) ratio, R, is fixed as 2. A length of 50 times the hydraulic diameter 
Dh = [2(ro  ̶ri)] is considered. The outer cylinder is adiabatic while the inner cylinder is maintained at a 
constant heat flux. 

 

 
Fig. 1. Schematic diagram of the annulus pipe with boundary 
conditions 
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The Boussinesq approximation has been applied in analyzing the problem. All fluid properties other 
than density are constant. The body force term in the radial momentum equation is 
 
gr = ρg cos θ              (1) 
 
where ρ is density and gr is the radial component of acceleration due to gravity, g. Here,θ is measured 
as shown in Figure 1. The density ρ is given by 
 
ρ = ρi[1 − β(T − Ti)]            (2) 
 
where ρi is the density at inlet temperature Ti and β is the thermal expansion coefficient.  The Eq. (1) 
can be expressed as, 
 
ρgr = ρi[1 − β(T − Ti)] cos θ           (3) 
 
The body force term in the θ-direction momentum equation can be similarly written as, 
 

ρgθ = -ρig[1-β(T-Ti)] sin θ            (4) 
 
The set of general governing equations are simplified with the above-mentioned assumptions. 
Continuity equation (conservation of mass) 
 
1

r

∂

∂r
(r Vr) +

1

r

∂Vθ

∂θ
+

∂Vz

∂z
= 0             (5) 

 
where Vr, Vθ and Vz are the radial, tangential and axial component of velocity respectively. The 
conservation of momentum in the radial direction is 
 
1
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where μ is the dynamic viscosity, T is temperature and pc is the deviation from the average pressure 
which is a function of r, θ, and z. The conservation of momentum in the tangential direction is 
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Conservation of momentum in the axial direction 
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where p is the total pressure.  
 
Conservation of energy 
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1

r

∂
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Cp is coefficient of specific heat and k is the thermal conductivity of fluid. The set of governing Eq. (5) 
to (9) are solved simultaneously for simulating mixed convection phenomenon in horizontal 
concentric cylindrical pipes. In these equations, the fluid density at the inlet, ρi has been denoted by 
ρ. The boundary conditions in the numerical calculations are 
 

i. Symmetry lines : (ri < 𝑟 < ro ;  θ = 0 or π) ∶  Vθ = 0,
∂Vr

∂θ
= 0 and 

∂T

∂θ
= 0 

ii. 2) Inner cylinder : (r = rI ; 0 < θ < 𝜋) ∶ Vr = Vθ = Vz = 0, and − k
∂T

∂r
= q 

iii. 3)Outer cylinder : (r = ro ; 0 < θ < 𝜋) ∶  Vr = Vθ = 0 = Vz = 0, and
 ∂T

∂r
= 0 

iv. 4) Inlet: (z = 0) : Vr = Vθ = 0, Vz = Vzi and T = Ti 
 
The thermophysical properties of ordinary nanofluid are defined as follows 
 
The density of the nanofluid is given by 
 
ρnf = ∅ρp + (1 − ∅)ρf                       (10) 

 
where ∅ is the volumetric concentration of nanoparticle in nanofluid and the subscripts nf, p and f 
stand for nanofluid, nanoparticle and base fluid respectively. 
 
Nanofluid heat capacitance 
 

(ρCp)
nf

= ∅(ρCp)
p

+ (1 − ∅)(ρCp)
f
                    (11)  

 
The thermal expansion coefficient of the nanofluid 
 
(ρβ)nf = ∅(ρβ)p + (1-∅)(ρβ)f                     (12) 

 
The viscosity of the nanofluid 
 

𝜇𝑛𝑓 =
𝜇𝑓

(1−∅)2.5                        (13)  

 
The thermophysical properties of hybrid nanofluid (TiO2-Ag-H2O) are as follows 
 
The density of hybrid nanofluid is specified by 
 
𝜌ℎ𝑛𝑓 = ∅𝑇𝑖𝑜2

𝜌𝑇𝑖𝑜2
+ ∅𝐴𝑔𝜌𝐴𝑔 + (1 − ∅)𝜌𝑓                    (14) 

 
Here, Φ is considered as the overall volume concentration of two dissimilar types of nanoparticles 
disseminated in hybrid nanofluid and is considered as 
 
∅ = ∅𝑇𝑖𝑜2

+ ∅𝐴𝑔                       (15) 
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The heat capacitance of hybrid nanofluid is given by 
 

(𝜌𝐶𝑝)
ℎ𝑛𝑓

= ∅𝑇𝑖𝑜2
𝜌𝑇𝑖𝑜2

𝐶𝑝𝑇𝑖𝑜2
+ ∅𝐴𝑔𝜌𝐴𝑔𝐶𝑝𝐴𝑔

+ (1 − ∅)( 𝜌𝐶𝑝)𝑓                  (16) 

 
The thermal conductivity coefficient is determined by 
 
𝑘ℎ𝑛𝑓

𝑘𝑓
=

(𝑘ℎ𝑝+2𝑘𝑓)−2∅(𝑘𝑓−𝑘ℎ𝑝)

(𝑘ℎ𝑝+2𝑘𝑓)+2∅(𝑘𝑓−𝑘ℎ𝑝)
 where 𝑘ℎ𝑝 =

∅𝑇𝑖𝑜2𝑘𝑇𝑖𝑜2+∅𝐴𝑔𝑘𝐴𝑔

∅
                  (17)  

 
The subscript hp stands for hybrid nanoparticles. The governing equations are discretized 

according to the finite difference method. The present problem has been formulated using a hybrid 
scheme [25]. After discretization, these equations have been solved simultaneously by following a 
sequence of steps. SIMPLER [25] algorithm has been adopted in the present work.  

The 3-D mesh of the computational domain is shown in Figure 2. A typical finite volume of 
dimension ΔV= r ∆r ΔθΔz, as shown in Figure 3, is characterized by a node P at the center and six 
interfaces adjacent to the neighboring nodes in the radial (N and S), angular (W and E) and axial (T 
and B) directions. All the scalar quantities are stored at the node P, while the vector quantities are 
crossing through the center of the six faces, n, s, e, w, b and t, surrounding each control volume. The 
length of the annulus is 1000 mm. To keep the program simple, uniform grids were used in the r-θ 
coordinates. The effect of grid sizes (∆r x ∆θ x ∆z) on the axial (Zn=z/Dh) variation of Nusselt number 
is shown in Figure 4. The axial length is denoted ny z and Nusselt number, Nu, is defined as 
 

 

 
Fig. 2. 3-D mesh of the computational domain Fig. 3. Typical grid geometry 

 

𝑁𝑢 =
ℎ 𝐷ℎ

𝑘
                        (18) 

 
where h is coefficient of convective heat transfer. To check the grid independence, the results were 
obtained for radius ratio, R = 2, Reynolds number, Re = 900, Grashoff number, Gr = 105 and Ф = 0.01, 
using five sets of grids: (i) 20x20, (ii) 30x20, (iii) 30x30, (iv) 40x40 and (v) 48x48 grids in the r-θ plane. 
Re and Gr are defined as, 
 

𝑅𝑒 =
𝜌𝑉𝐷ℎ 

𝜇
                         (19) 
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𝐺𝑟 = 
 𝑔𝛽𝐷ℎ

 4 𝑞

 𝑣2 𝑘
                        (20) 

 
where ν is the kinematic viscosity and q is the wall heat flux. Based on the grid independence test 
results, a 48x48 grid in the r-θ plane has been chosen with the number of grids in the axial direction 
equal to 4000. Hence, for a uniform mesh for an axial length of 1.0 m, ∆z=0.25 mm. 
 

  
(a) ∆z=1.0mm (b) ∆z=0.625 mm 

  
(c) ∆z = 0.4 mm (d) ∆z = 0.25 mm 

Fig. 4. Effect of different grid sizes in r-θ-z directions on axial Nusselt number for Re=900 and Gr = 105 
and Φ = 0.01 

 
Islam et al., [7] validated their code with the numerical data of Kakac and Yucel [26] for the case 

of simultaneously developing laminar flow, pure forced convection heat transfer in concentric pipes 
with constant heat flux at the inner wall and the outer wall being adiabatic. Results of Kakac and 
Yucel [26] have been consistently checked by Shah and London [27] and Kakac and Yener [28]. The 
comparison of the radial velocity profiles at different axial locations, starting from the immediate 
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inlet up to the fully developed situation showed excellent matching. The characteristics of the 

hydrodynamics of numerical code were further checked by comparing the Re×𝑓a̅ppValues with the 

Shah's [27] correlation. The mean apparent friction factor, 𝑓a̅pp, is defined as  

 

𝑓a̅pp =
∆p

0.5ρ�̅�𝑧
2 (Dh/z)                        (21) 

 
Here ∆p is pressure drop and z is the axial distance. The validity of the code developed by Islam et 
al., [7] has further been corroborated by the matching experimental data reported by Mohammed 
et al., [6] and computational works of Moghari et al., [29], Motallebzadeh et al., [30] and Benkhedda 
et al., [31]. It can be seen from Figure 5 that the results obtained with the present code are in 
excellent agreement with the results of Moghari et al., [29]. Here, Z=z/L, is the dimensionless axial 
length and L is the length of the annulus. 
 

 
Fig. 5. Verification of the current numerical simulation results with the computed 
data of Moghari et al., [29] 

 
A mass source, defined as the absolute mass imbalance from the continuity equation is evaluated 

at each control volume and summed over the entire calculation domain, of 10−8 is used to attain the 
steady-state convergence. The convergence criteria for all the velocities (Vr, Vθ, Vz) is set 
to an order of less than10−5 and for the fluctuating part of the pressure 
its of an order of less than10−8. 
 
3. Results and Discussions 
 

The current numerical investigation has been carried out with Gr = 106, R = 2, Re = 800 and Ф = 
0.04. The temperature of the nanofluid at the entrance is 25oC. The results are obtained for 0≤ Zn 

≤50, where the velocity ((Vrn=Vr/Vzi) , (Vthn=Vth/Vzi) and (Vzn=Vz/Vzi)) and temperature (𝑇𝑛 =
(𝑇𝑓−𝑇𝑓𝑖)𝑘

𝐷ℎ𝑞
 

) profiles are assumed to be almost fully developed. Vzi is the axial velocity at the inlet of the annulus 
and Vrn, Vthn and Vzn are the dimensionless velocities in radial, tangential and axial direction 
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respectively. Tn is the dimensionless fluid temperature, Tf is the fluid temperature, Tfi is the inlet fluid 
temperature and q is the wall heat flux. 

In simultaneously developing flow, as the buoyancy effects become prominent, the isotherms at 
a cross-section start deviating from the circular shape. The development of isotherms is shown in 
Figure 6. Near the entrance, at Zn = 2.5 [Figure 6(a)], the isotherms are almost circular and are hardly 
affected by the secondary flow. Most of the fluid at this location is still at the inlet temperature and 
the isotherms are almost uniform. As the fluid moves from the inlet of the annulus, the buoyancy 
forces become significant and start affecting the isotherms. At Zn=12.5 [Figure 6(c)], it is seen that 
the isotherms at the bottom part (θ < 90o) of the cross-section are still nearly circular ad hence, a 
weak secondary motion in this region. Due to the stronger buoyancy effect in the upper half (θ > 90o) 
of the cross-section, a noticeable distortion in isotherms is seen in that region. The isotherms at this 
location tend to become horizontal, approximating the temperature distribution to a stable stratified 
field. Further downstream, at Zn = 50 [Figure 6(e)], more thermal stratification takes place, and 
consequently, the buoyancy forces become stable. 

The effect of flow development on the radial component of velocity is shown in Figure 7. Near 
the entrance, at Zn=2.5 (Figure 7(a)), the distortion in the radial isovels is seen to be small and hence, 
the effect of buoyancy induced flow is not significant in this region. As the fluid moves from the 
entrance, the buoyancy forces become stronger and start affecting the radial velocity. At Zn = 6.25 
(Figure 7(b)), two distinct zones of flow are noticed. In the upper zone of the annulus, radial velocity 
is positive while in the lower zone the radial velocities are negative. The occurrence of positive radial 
velocity in the upper part of the annulus may be attributed to the stronger buoyancy effect in that 
region as clear from the corresponding isotherms in Figure 6. At Zn = 12.5 (Figure 7(c)), a location 
more away from the inlet, the positive velocity zone is seen to be shifted towards the upper part of 
the annulus. Also, the emergence of a secondary velocity loop is observed. As the flow develops, 
further downstream at Zn = 50 (Figure 7(e)), positive radial velocities are seen to be mostly 
concentrated in the upper part of the annulus owing to the stability of the flow. 

The effect of flow development on the tangential component of velocity is shown in Figure 8. 
Since a flat velocity profile is assumed at the entrance, the angular velocity must be zero at this 
location. However, because of free convection, even near the entrance, at Zn = 2.5 as shown in Figure 
8(a), the emergence of angular velocities is observed. It is seen that the angular velocities are positive 
near the inner wall and negative near the outer wall. It is also noticed that near the entrance the 
magnitudes of the angular velocities are small. However, as the flow develops (Zn ≥ 6.25), due to 
stronger buoyancy effects, as clear from the corresponding isotherms in Figure 6, the magnitude of 
the angular velocities is seen to be increasing. 
 

     
(a) Zn=2.5 (b) Zn=6.25 (c) Zn=12.5 (d) Zn=25 (e) Zn=50 

Fig. 6. Development of the isotherm 
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(a) Zn=2.5 (b) Zn=6.25 (c) Zn=12.5 (d) Zn=25 (e) Zn=50 

Fig. 7. Development of the radial velocity 

 

     
(a) Zn=2.5 (b) Zn=6.25 (c) Zn=12.5 (d) Zn=25 (e) Zn=50 

Fig. 8. Development of the tangential velocity 

 
Figure 9 presents the development of dimensionless axial isovels (Vzn). The buoyancy-induced 

secondary flow tends to distort the axial velocity profiles. At Zn = 2.5 in Figure 9(a), a location near 
the entrance, due to weaker buoyancy effects, as depicted from the isotherms of Figure 6. The axial 
isovels are circular that resembles the axial isovels for pure forced convection. As the fluid moves 
away from the inlet, the axial isovels start deviating from the corresponding axial isovels for pure 
forced convection. It is seen in Figure 9(c), at Zn = 12.5, the axial velocities in the upper half of the 
annulus are highly distorted due to the stronger buoyancy effect in this region. However, little 
distortion is observed in the lower half of the annulus. This entails to uneven distribution of mass 
flux, the minimum being at the top and the maximum at the bottom. Further downstream atZn≥ 25, 
the isovels tend to attain the fully developed situation.  
 

     
(a) Zn=2.5 (b) Zn=6.25 (c) Zn=12.5 (d) Zn=25 (e) Zn=50 

Fig. 9. Development of the axial velocity 
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Figure 10 presents the effect of the flow development on the variation of radial velocity along the 
angular direction. As seen in the figure, near the entrance (Zn = 2.5), the radial velocity is almost zero 
in the lower half (θ ≤ 90o) of the annulus and is positive and very small in magnitude in the upper half 
(θ ≥ 90o) of the annulus. At Zn = 6.25, a location slightly away from the entrance, the effect of free 
convection is still insignificant as clear from the isotherms in Figure 6. As the flow develops (Zn ≥ 12.5), 
the radial velocities are highly affected at the upper half (θ ≤ 90o) of the annulus, whereas the radial 
velocities in the lower half (θ ≥ 90o) of the annulus is almost unchanged. 

 

 
Fig. 10. Effect of flow development on the variation of dimensionless radial velocity 
(Vrn) along the angular direction 

 
Figure 11 shows the effect of flow development on the variation of angular velocity along the 

radial rn=[(r  ̶ri)/(ro ̶ ri)] direction. Near the inlet location at Zn = 2.5 of the annuli, the angular velocity 
near the inner wall (0≤ rn≤ 0.2) first increases along the radial length and then starts decreasing and 
finally reverses its direction from positive to negative and remains almost constant in the remaining 
portion (0.2 ≤ rn≤1.0) of the annulus. This can well be understood from the isotherms of Figure 6 as 
the magnitude of isotherms away from the inner wall is very small. As the flow develops (Zn ≥ 6.25), 
the radial velocities are seen to be increasing owing to the effect stronger buoyancy effect. It is 
observed that with the development of flow, the distribution of the positive velocities is increasing 
near the inner wall. This distribution is about 40% for the case of Zn = 50. 

The effect of flow development in terms of axial velocity profile along the tangential direction is 
presented in Figure 12. Near the entrance (Zn = 2.5) the axial velocity profile is of semi-flat type 
indicating inception of flow development. As the flow develops (Zn ≥ 6.25) the location of maximum 
axial velocity shifts towards the inner wall. This may be attributed to the effect of stronger buoyancy 
forces near the inner wall, which is a constant heat flux, as depicted from Figure 6. 
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Fig. 11. Effect of flow development on the variation of dimensionless angular 
velocity (Vthn) along the radial direction 

 

 
Fig. 12. Effect of flow development on the variation of dimensionless axial 
velocity (Vzn) along the radial direction 

 

 
Fig. 13. Effect of flow development on the variation of dimensionless axial 
velocity (Vzn) along the radial direction 
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4. Conclusions 
 

In the present computational work, investigations have been carried out to study the fluid flow 
characteristics of a hybrid nanofluid with Ag-TiO2 nanoparticles dispersed in water for mixed 
convection situation in the entrance region of the horizontal concentric annulus. The investigation 
reveals that the effect of secondary flow due to the buoyancy forces is stronger in the upper half of 
the annular cross-section. It increases throughout the cross-section until its intensity reaches a 
maximum, and then it becomes weak far downstream. The development of axial flow and 
temperature field is strongly influenced by the buoyancy induced secondary flow. The buoyancy 
influence is stronger near the inlet section where it is characterized by a deceleration of the axial flow 
in the upper part of the annulus and an acceleration of the axial flow in the lower part of the annulus. 
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