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Abstract

In thiswork, alocal algorithm has been proposed to obtain an optimal shape parameter for
the infinitely smooth Radial Basis Functions (RBF) when they have been used to solve
Convection-Diffusion Equations (CDE) under grid-free environment. The algorithm is
based on re-construction of the forcing term in the CDE using the collocation over the
centers of the local support domain. The residual errors are calculated using the Rippas
“leave one out cross validation” algorithm originally been developed for interpolation using
RBF functions. It has been shown that the cost function and RMS error functions obtained
with the developed local scheme are oscillation free unlike the existing global collocation
schemes. It has been aso observed that, for most of the diffusion dominated problems, the
pattern of the (global) Cost function of the proposed algorithm is appeared to be similar to
the (R.M.S) error function, however, the same is not been found true for convection
dominated problems. Therefore, for the latter case, an (near) optimal variable shape
parameter has been obtained by minimizing the local Cost function at each center (node) of
the computationa domain. The Local RBF (LRBF) scheme with the proposed local
optimization agorithm has been tested over severa one and two-dimensional linear
convection-diffusion problems with strong boundary layer and found to be accurate.

Keywords: grid-free scheme; radial basis function; convection-diffusion; multiquadric;
optimal shape parameter.

I ntroduction

The Radia Basis Function(RBF) based grid-free local schemes are becoming very attractive
choice for solving fluid flow and heat transfer problems due to their better conditioning and
flexibility in handling the non-linearities. When infinitely smooth RBFs are used then the shape
parameter of these RBFs plays a very significant role in obtaining accurate and stable solutions. In
most of the existing literature, researchers have chosen the shape parameter either by trial and error
or by some ad hoc means. This strategy may not give accurate and stable solutions for the problems
with non-smooth solutions like convection dominated problems of the convection-diffusion
equations. The convection-diffusion equation may be regarded as a simplified model problem to
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Navier-Stokes equations and plays an important role in Computational Fluid Dynamics(CFD). The
steady form of the CDE is given by

Lu(x) =f(x), Vx € 2 c R® (1.2)
Bu(x)=g(x). Vx € a0 cR* (1.2
where L= b.V—ad, b.V= b, f A= d:?.‘r.' b(x), isthe convection coefficient, a (> 0) is

the diffusion coefficient, 8 = a+ 8 % is the boundary operator (based on the values of a and §, it

can be a Dirichlet, Neumann or a mixed operator), 22 is a bounded domain, 901 is the boundary of
{1 and d is the dimension of the problem. The numerical solution of any CDE is very challenging,
when the convective part is dominant over the diffusion because in such cases the numerical
approximations get contaminated due to the spurious oscillations and numerical diffusion.
Traditiona central difference based methods can be used for solving diffusion dominated problems,
however, when the convective term is dominant, some accuracy has to be sacrificed to stabilize the
numerical scheme.

RBFs are one of the important tools for the interpolation of sparse and scattered data points
in multi-dimensions. The most popular and conditionally positive definite [1] RBFs have been
listed in the Table 1, along with their order m. The RBF collocation method was initiated by Kansa
[2] using globally supported interplant, which was popular as non-symmetric collocation scheme.
Micchelli [1] proved that the Kansa's collocation matrix isinvertible (i.e., the method is well posed)
for any distinct set of scattered centers, in particular, with the Multi-Quadric(MQ), an infinitely
smooth RBF. Another collocation method based on the Hermite - Brikhoff interpolation which is
also known as the symmetric collocation scheme was proposed by Fasshauer [3] and Wu [4]. The
required theoretical justification for the well posed criteria of these schemesis given by Wu [4] and
Shaback [5]. Due to globaly supported RBFs, the collocation matrices are highly dense and ill-
conditioned which is also may increase with the number of centers. Recently Shu[6], Wright and
Fornberg [7] and Chandini and Sanyasirgju [8,9,10] proposed some RBF-based local schemes, by
sacrificing the spectral accuracy which is inherent in the global collocation schemes. However,
these schemes produce better conditioned linear systems and also more flexible in handling the non-
linearities.

TABLE 1: THE STRICTLY CONDITIONALLY POSITIVE DEFINITE RBFS

Name of the RBF @(r) Order of the RBF
Multiquadratic (MQ) 1+, V>0veN m=[V)
Inverse Multiquadratic (IMQ) (1+EH'.v<o m=(
Gaussion "t m=0

o (v, V>0if Ve2N-1 (1V/2]
Polyharmonic splines l r? log(r). if V €2N m = { L)

Franke [11] proved numerically that the Hardy's MultiQuadric (MQ) [12] provides the best
approximation when compared with the other methods tested, including other RBFs like
Polyharmonic splines and Gaussian. However for MQ, the accuracy of the scheme depends highly
on the shape parameter (). A large shape parameter helps in generating a well conditioned system;
however, the corresponding approximation using the RBF becomes poor. If one chooses to use a
small shape parameter, the RBF approximation becomes accurate, but the system matrix becomes
severely ill-conditioned. That is, if the shape parameter becomes too small the resultant ill-
conditioned system matrix causes errors in floating point arithmetic, which in turn affects the
accuracy of the scheme. This trade-off between the accuracy and conditioning of the scheme is
known as Uncertainty Principle [13], which is the main drawback of the globa RBF collocation
[2]. Therefore, to produce accurate and reliable solutions, the shape parameter of the infinitely
smooth radial functions must be made optimum.
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For the interpolation with scattered data, there is some work on the optimal choice of the
shape parameter based on the number of centers and the distance between them. Hardy [12]

proposed to use £ = 1/(0.815 d), where d = (%) Y™, d,, Nisthe number of centersand d; isthe

distance from the center x, to its nearest neighbor. Franke [11] suggested & = 0.8 ( VN/D) , where

D is the diameter of the minimal circle enclosing all data points. In [2] Kansa used exponentially
(i-1)/
f [_.N- = l_':‘

varying shape parameters, £,° = (£,in)° (%) , i=1,2,..,N, where Emin
and £,,,, are the input parameters. Rippa [14], for interpolation using RBF functions based on
global collocation, proposed a “leave-one-out” cross-validation (LOOCV) algorithm, according to
which the shape parameter should depend on the number of centers, distribution of centers, RBF
interpolant (¢), conditional number of the matrix and finally the machine precision. Kansa [15],
Fornberg [16] proposed to use spatially variable shape parameters to improve the accuracy in MQ-
RBF interpolation instead of the constant shape parameter. Fasshauer [17] extended the LOOCV
algorithm for finding the optimal shape parameter using pseudo-spectral (PS) methods to solve
eliptic type of equations. Roque [18] experimented the LOOCV algorithm for finding the optimal
shape parameter in global RBF collocation to solve partial differential equations. The global
optimization techniques may be good for the problems having smooth solutions but inaccurate in
capturing boundary layer solutions. They also suffer from the ill-conditioning as the number of
centersincrease. For the problems like CDES, specia attention has to be be paid on the optimization
of the shape parameter and also on the numerical scheme in order to get accurate and stable
solutions.

In the present work globa and local optimization schemes based on local RBF (LRBF)
collocation have been proposed to find an (near) optimal shape parameter for solving Convection-
Diffusion Equations (CDE). The algorithm is based on the re-construction of the forcing term in
CDE using collocation over the centers in the local support domain. To realize this, Rippas [14]
leave one out cross validation algorithm has been used to calculate the residual errors. The (near)
optimal shape parameter is obtained by minimizing the local Cost function at each center (node) of
the computational domain. For most of the diffusion dominated problems, the (global) Cost
function of the proposed algorithm is ideally imitates the (R.M.S) error function. However, for the
convection dominated problems the algorithm produces a larger shape parameter in the regions
where the solution varies rapidly and a small value elsewhere. This variable shape parameter makes
the LRBF scheme to produce stable and accurate solutions for solving CDEs. Another most
important feature of the developed local optimization schemes is the oscillation free nature of its
cost and RMS error functions unlike their global counterpart. The proposed optimization algorithm
with LRBF scheme is tested over linear CDEs in one and two-dimensions with strong boundary
layer solutions.

Rest of the paper is organized as follows. In Section 2, the derivation of the RBF grid-free
local (LRBF) scheme has been presented. In Section 3, the proposed local optimization algorithm to
optimize the shape parameter has been described. In Section 4, first the implementation of the
proposed optimization in over local collocation has been presented. After demonstrating the
oscillations in the optimization based on the global collocation, the optimization schemes based on
the local collocation have been validated by applying them to solve several CDE. Finaly, some
concluding remarks are made in the last section.

2.  Development of grid-free local scheme based on RBF's

The local RBF (LRBF) grid-free scheme has been developed by Chandini and Sanyasirgju
[8] and it is tested for the steady convection diffusion type problems and unsteady incompressible
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viscous flow problems [9]. In this section, the LRBF scheme is discussed briefly, for the sake of
continuity.

Let £ be alinear convection-diffusion operator, N is the total number of centers. If Lu,, at
any center "x ', is expressed as alinear combination of the function values u at n, ( << N centers
C; = {xy,....x, } intheneighbourhood of x,thenitisgiven by

fu(x,) ¥ XL, cu(x;) foreach x;, € 0 (2.1)

where | isthe local index and i is the global index. Then the computation of the weights ¢; gives
the required approximation. If s(x)istheinterpolant

u(x) ¥ s(x)=ZL 40l x—x; 1 £) + Zj=,v;7;(x) (2.2)

that interpolates the data, { x,, u 5}.)} ,J=12,..,n.1n(2.2), I.Il isthe Euclidean norm, = is a
shape parameter, {p}- (_5)} ,j=1,..,1, isthe basis for 1% _, (space of al d-variate polynomials
with degree < m — 1, where m is the order of ¢) and its inclusion may be necessary to guarantee
the wellposedness of the interpolation problem [1]. (2.2) & x= x, j= 12, ..,n,gives n,
conditions for the interpolation problem, to take care of the extra degrees of freedom, ! extra
conditions are chosen by taking the coefficient vector A € R™ orthogona to M&_,| . (the
polynomial spacerestrictedto €, = ={x,,...,x, },i.€, '

i Apd(x) =0, i=1.2,..,1 2.3)

Imposing the interpolation conditions wu (l) = 5(17 and the orthogonality conditions (2.3) on
s(x) givesalinear system,

® PI[A]_[u

b ol [5]=[0] @49

where ® == o¢(llx;—x; Il €) & =12,...,n;andP:= p,(x,)j=1.2,..., i=12,...,m
Denote the coefficient matrix in (2.4) as A for any future reference. To compute the weights ¢, , also
consider the Lagrange representation of RBF interpolant (2.2), for n, nodes, given by

u(x) ¥ s(x) = Z7L, ¥, (Dulx;) (2.5)
where ¥, (x)'s satisfiesthe cardinal conditions
Y(x) =60 jk =12,..,7 (2.6)

The closed form representation for y,(x), in terms of @(|l x —x, |I, £)'s by constructing a
set of RBF interpolation problems for which the datais obtained from the cardinal conditions on ¥,
isgiven by

w()_dr (A;(x)] (27)

der(A)
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where A;(x) is same as the matrix A4 with size (n, + [), except that jth row is replaced by the
vector

B(x)=[o(lx—x, I £),,d(lx =2, I, £)|py(x), .. 2y(x)] (2.8)

The representation derived through (2.5)-(2.7) can be used to approximate the derivatives of
afunction or in general, values of Lu at a given set of centers, say x,. Applying the operator £ to
the Lagrange representation of RBF interpolant (2.5) gives

cu(x) ~ Ls(x) = Z7%, £, (x, Julx;) (2.9)

Comparing equations (2.1) and (2.9), gives

et |_,.il_-<_£1;1_f.
———

g =L,(x)= L° j=12,..m, (2.10)

det (A)

If c;are given by (2.10), then using the Cramer's rule backwards they can also be obtained by
solving the linear system,

Ale/¥]=(£B(x.))" foreach x, € 0 (2.11)
where A isamatrix givenin (2.4), B(x) isavector givenin (2.8) and ¢ is avector of weights. We
apply asimilar procedure to discretize the boundary operator B. For any center x, € 0 U a0, the
system (2.11) is of size only n, =1 and can be solved using any direct method say, Gauss
elimination. It is clear from the development of the fina linear system (2.11) that, though it is
dense, the size (n, + 1) is very small, that makes the system more stable for a wide range of «.
Further, only the right-hand side of (2.11) depends on the operator £, for which the weights are to
be computed. This optimizes the computation, if the weights have to be computed for many
operators with the same distribution of the centers, asin the case of non-linear equations.

3. Local algorithm to optimize the shape parameter

It has been observed that, the optimized shape parameter depends on the differential operator,
forcing term, boundary conditions, in addition to RBF interpolant (¢), the number of centers and
their distribution. In this section, an algorithm, which can be used as a global or alocal scheme and
also free from ill-conditioning, has been proposed to optimize the shape parameter of the infinitely
smooth radial basis functions. The proposed algorithm aso satisfies the above stated requirements.
It is clear from the development of the LRBF scheme, presented in the earlier section, that when
collocation is used at any center x, £ 0 over alocal support domain €, fori =1,2,..,N, the
collocation conditionsare, { x,, f(x,) = Lu(x;)], /=12 ..,n,.

Let €™ = (x X (k=1)» X(ie+1)7 X, )

i s Al ot —
and % = (@) i) FiZ e ) '---f:({nl )] (31)
be the set of data points and their function values f, respectively, after removing the k** center and
its function value from the support €,. Then the forcing term £ can be re-constructed, locally over
€,'*) using the collocation, as
f9%59(x0) = i ey (i)™ Lo x -2, 0, &) + Tjmagay )P py(x)  B2)
where £° is a linear differential operator applied on RBF as a function of the second
argument(center). The second term in the R.H.S of the equation (3.2) is necessary to guarantee the

155



RBF based grid-freeloca scheme with spatially variable optimal shape parameter for steady convection-diffusion equations

non-singularity of the collocation matrix and the extra ! conditions are chosen by taking the
coefficient vector p; € R™ orthogonal to T§,_,| o\ i€,

Z::“::k. n ¥ plx;)=0, i=12,..,1 (3.3
The coefficients, i and y, in the equation (3.2) can be obtained by imposing the collocation
conditions (3.1) and the orthogonality conditions (3.3). If £.(x, ) isthe function value at the point

that has been removed from €; and f,"*(x, ) is the corresponding re-constructed value using (3.2)
then the residual error, r, ,, can be computed'usi ng
ru(®) = filze) - () k=12,..m, (3.4)
For each center x, € 0, (3.4) gives residua errors for k =1,2,...,n,, therefore (3.4) requires
0 (n,)* operations for each center. To reduce the computational complexity, the Rippas [14]
formula (been devel oped for mterpol ation problems)
(&) = k=12, ..,n,exch x, € 0 (3.5

where u, ;. isthe k*" component mthevector p.and (A7), isthe k™ diagonal element of the
inverse of the collocation matrix
4 = [.C:d? P

= & (36)

based on the data, over €; has been used. Since (3.5) requires the inversion only once, the
computational complexity is now @ (n,)*only. By adopting a similar procedure for the boundary
operator, B, theresidual error is computed using

rx(®) = 7 — k=12,.., ., exch x, € a0 (3.7)

Equations (3.5) and (3.7) can now be used to calculate the (global) or (local) optimal shape
parameter in the following way.

3.1. Global optimal shape parameter

Using equations (3.5) and (3.7), define the (global) Cost function, that measures the
quality of fit for the global collocation, as

1."’1
g!obal cost(e) = (2ZX, IR 13) ° (3.8)

where the vector R, == ¥ r=12 ., for each i and N is the total number of

centers in the domain. Then the (near) global optimal shape parameter is obtained by
minimizing the (global) Cost function (3.8).

The (global) Cost function obtained using (3.8) is different from such global Cost
functions exist in the literature (because they are obtained using global collocation). It is
also free from the ill-conditioning of the collocation systems. To compare the (global) Cost
function with the (RMS) error function, for different values of the shape parameter = in the
neighborhood of optimal shape parameter, test problems are solved using LRBF method and

the corresponding RMS error is calculated using
1

RMS error(s) = ( T}_l |Analytical solution(i) — LRBF so unon(z}|) - (3.9

For diffusion dom| nated problems, the (global) Cost function ideally imitated the
(RMS) error function, therefore, the (near) global optimal shape parameter obtained by
minimizing the (global) Cost function is very ideal. However, for the convection dominated
problems, the residual errors, in general, are very large in the boundary layer regions when
compared to the other smoother regions, therefore, for these problems, the (global) Cost
function may not match with the (RMS) error function. That means, there may not be a
globa optimum shape parameter which can minimize the RMS error for these problems.
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That necessitates, for the convection dominated problems, an alternate algorithm which may
generate a variable (local) optimum shape parameter but satisfy the requirements stated at
the beginning of this section.

3.2.  Local optimized variable shape parameter

Define a (local) Cost function, which measures the quality of fit for the local
collocation, as

local cost(s,) = IR, |, (3.10)
Lk =12,..,n andr,(s)isasgivenin equations (3.5), (3.7)

Tixle)

where the vector R, =

for every x, € 0 or i;‘ze a0 , respectively. In this process, the (near) optima shape
parameter is calculated by minimizing the (local) Cost function at each center of the
computational domain locally and the same will be used in the LRBF scheme.

The size of the coefficient matrices, A, , Az, in the equations (3.5), (3.7) is (n, =) very
small, when compared to the size (N + [) of the global collocation matrix, which makes the
system more stable for wide range of shape parameters. The routine function Brent has been
used from the Numerical Recipes [19] to carry out the optimization. The implementation of
the developed local optimization algorithm along with LRBF scheme, for solving CDEs is
presented in the next Section.

4.  Numerical implementation

In this section, the RBF grids free local scheme with the proposed optimization algorithms has
been tested over several Convection-Diffusion Equations (CDE), using the following algorithm

4.1. Algorithm

Choose a reference centre x, € 0 U 90 and for every such reference center, select
€, =={x4....,x,}inthe neighbourhood of x,, such that the reference center x,is
always part of the local support domain, i.e, x, € C,.
Find the (near) optimal shape parameter, using the optimization algorithm, described in
the Section 3 (the global optimization gives asingle £ & the local optimization gives a
variable g).
Caculate the weights ¢;, j = 1,2,...,n, (for every reference centre x;) by solving the
local linear system (2.11), using the optimum shape parameter obtained in the earlier
step.
Assemble the weights of (2.11) at proper locations of the i*" row, known from the
centersbelongto €, to form the global system

Lu"=f+b (4.1)
where L is the matrix containing the weights for £, Bat €. and the vector b contains the
contributions from the boundary 99. The matrix L is sparse and its sparseness depends
on the centers chosen in €. It is also non-symmetric.
Finally, solve the global system (4.1) using any iterative method (for most of the
iterative solvers explicit generation of the global system may not be needed).

157



RBF based grid-freeloca scheme with spatially variable optimal shape parameter for steady convection-diffusion equations

4.2. Validation

One and two-dimensional CDEs, with known anaytical solutions are chosen, for
testing the developed algorithm. The forcing term and Dirichlet boundary conditions have
been calculated from the analytical solution wherever they are needed. All the computations
have been carried out using MQ (with 17 = 1/9) as the basis function, over uniformly

distributed centers. Though the proposed scheme works with any scattered data set, the
uniformity has been imposed on the set of centers for the sake of simplicity. The list of

problems are:
Example 1
U, — AU, =an’sin(mx) + meos(mx),0 < x < 1,u(0) = 0,u(1) = 1with (4.2)
u(x) = sin(mx) + = ::I (4.3)
Example 2 __ _
u,—au,, =—-2an’cos(2nx) + msin(2rx) —e* e p<x <1 (4.4)
u(0) = 0,u(1) =1 with u(x) = sin*(mx) + x e*~V/a (4.5)
Example 3
u, —au,=(-=—a)e*, ,0<x <1 with (4.6)
u(0)=1+2 Ye,u(1) =e+2u(x) =e* +2 7a (1+x) M2 (4.7)
Example 4
u,—a(u,+u,,)=f(xy)0<xy<l1 (4.8)
u(x,y) = easin(my) (: 'T“nh{c:l:nh wi_x:ﬁ), whereg?=n?+a"? (4.9)
Example 5
Uy tuy—a (U, +u,)=f(xy)0<xy<l1 (4.10)
u(x,y) = g ~1-x)(1=y)/2a (4.11)
Example 6
#ub. —a(u,, + u'.‘,_.l,) = f(x,y),0<x,y<1 (4.12)
u(x,y) =e"* + 2 a 1+ \)1‘3 (4.13)
10° 2 : 10"}
N p

azz=="
-

10-5 i 'M"-_'_ _______________________
10 Ju i ,"""--""
¥ -,'.H_s‘\k{.!/‘
---RMS Error —-RMS Error
107 . . —Costfunction] 10 | _ —Cost function
0 2 4 6 8 0 2 4 6 8
’ [
(@ N=11 (b) N=21
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Figure 1. Comparison of (RMS) error function and Cost function against the Shape parameter,
using Global Collocation,at @ = 1,N = 11 — 81for Example 1.
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Figure 2. Comparison of (RMS) error function and Cost function against the Shape parameter,

using Global Collocation, at a

=1N =

11 — 81for Example 3.
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First, the one dimensional test problems 1 and 3 have been solved using the conventional
globa collocation scheme [2]. The RBF parameter £ has been optimized using Rippas (global)
leave one out cross validation algorithm [18]. By varying the number of centers to discretize the
domain with 11, 21, 41 and 81, the global cost function and the corresponding (RMS) error function
( here after referred as error function ) with respect to the shape parameter have been obtained and
compared in the Figures 1 and 2 at a = 1.0, for the problems 1 and 3, respectively. It is clear from
these comparisons that, except with N = 11, the cost function and also the error function for larger
N are very oscillatory. It has been noticed that the oscillations have increased very rapidly with the
number of centers N. Therefore, minimizing these functions is highly complicated and often leads
to spurious minimums. Further, it has been observed that, the amplitude and frequency of these
oscillations are also increased with decrease in @. To demonstrate this, the cost and error functions,
by varying a, are given in Figures 3 and 4 for N = 11 and N = 81, respectively. It is clear from
these figures that the cost and error functions are highly oscillatory at @ = 0.01. Since the Rippas
algorithm requires an initial interval of shape parameter to minimize the cost function, the optimum
value is very much dependent on theinitial interval and due to high oscillations the initial interval

b . | 10° ‘-—-RMS Error
—Cost function
i W ﬂ W\\ 10*- {l
| N o U I
o’ AA‘“F}V‘ AL L'J £ 10° ' mrww mwmmﬂﬁwnﬂmﬂm?ﬂ’nmﬂﬂm!ﬂﬂw
o

"l e m.u
=2

¥ -~-RMS Error |
10° —Cost function| 10
0 2 4 6 8 0 20 40 60 a0 100
g £

(8 Examplel,a=0.1 (b) Example1, a=0.01

--RMS Error 1
—Cost function

| ~RMS Error
— Cost function |

0 2 4 6 8 0 2 0 e 80 100
(c) Example 3,a=0.1 (d) Example 3, a=0.01

Figure 3. Comparison of (RMS) error function and Cost function against the Shape parameter,
using Global Collocation, with N = 11.
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must be very fine to avoid too many local minimums to group inside the chosen interval and spoail
the optimization process. In other words, the oscillatory nature of these functions makes the
optimization algorithm to be very ineffective and the corresponding RBF solution can be inaccurate.
Looking at the plots of the cost function and error function, a very narrow interval of shape
parameter has been chosen for test problem 1 and the corresponding error norms and optimum
shape parameters have been reported in Table 2 for different values of a with different values of N.
It must be noted that the results presented, in this table, under *‘Global’ are obtained with the global
optimization procedure for the shape parameter (after choosing a very narrow band of initial
interval taken by looking at the graph of the cost function) and the results presented under ‘Best’ are
the ones obtained without using the optimization algorithm but choosing a shape parameter at which
the error function is minimum and finally the results presented under ‘Fixed’ are the ones obtained
with £ = 1. The results presented in this table are obtained by manually looking at the graphs of
cost and error functions therefore, cannot be reproduced for any general problem. However, these
can be used as guideline values for the validation of the developed, in Section 3, local optimization
procedure.
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Figure 4. Comparison of (RMS) error function and Cost function against the Shape parameter,
using Global Collocation, with N = 81.
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TABLE 2: COMPARISION OF THE FIXED (Fixed), GLOBAL (Global), BEST (Best) SHAPE PARAMETERS AND
THE CORRESPONDING RMS ERRORS FOR EXAMPLE 1, OBTAINED USING GLOBAL COLLOCATION
WITH OPTIMIZATION.

Number of nodes ( N)

N - 11 21 41 81
a £ RMS error £ RMS error £ RMS error £ RMS error
Fixed 1.0 3.25(-03) 1.0 8.60(—04) 1.0 2.18(-04) | 1.0 3.50(—05)

1.0 | Global | 09713 486(-05) | 1359  4.94(-07) | 1.085 3.71(-06) | 6266 1.77(-07)
Best | 05453 3.07(-07) | 1336  4.73(=07) | 2455 4.60(—07) | 4486 4.65(—08)

Fixed | 1.0 3.40(—02) | 1.0 7.76(=03) | 1.0 1.90(-03) | 1.0 4.73(—04)
0.1 | Global | 1.565 3.34(—03) | 1.587  4.80(—05) | 2.569 6.72(—05) | 1.656 3.31(—04)
Best | 0.4921 1.08(—03) | 1336 2.25(-05) | 2.569 6.72(—05) | 5193 3.97(=07)
Fixed | 1.0 6.90(—01) | 1.0 434(-01) | 1.0 1.93(-01) | 1.0 557(—02)
001 | Global | 1.546 6.70(—01) | 1413  7.26(—02) | 2.946 3.12(—02) | 5012 3.65(—03)
Best | 5594 1.28(—01) | 7.545 2.73(-02) | 3279 7.57(-03) | 5697 1.36(—03)

Next, the test problems 1 to 6 have been used to test the developed local optimization
schemes. Once again, the one dimensional (1D) domains have been discretised with 11, 21, 41 and
81 centers and two dimensional (2D) domains have been discretised with 11 x 11, 21 x 21,
41 x 41and 81 x 81centers. The diffusion parameter a has been varied from 1 to 0.01(that is, the
Peclet number, which is the ratio of convection over diffusion, is equivalent to 1 to 100). To find
the optimal shape parameter, the number of centers in the local support domain has been fixed as
n. = 4 for onedimension and n, = 7 for two dimensional problems. However, for solving the
CDE, the number of centersin the local supportdomain hasbeenfixedasn, = 3 andn, = 5 for
one and two dimensional problems, respectively.

Before looking at the optimized shape parameter, the (global) Cost function (3.8) and the
error function (3.9), have been compared by varying the shape parameter . For the diffusion
parameter a = 1,0.1 and 0.01, the comparisons for al the six problems have been presented in
Figures 5, 6 and 7, respectively. To avoid any dependence of the solution on the discretization, the
comparisons with courser 11 (or 11 x 11 for 2D) centers to finer 81 (or 81 x 81 for 2D) centers
have been included in all these comparisons. Unlike, the case of globa collocation, the cost and
error functions in this local case are non-oscillatory even for N = 81 and a = 0.01. Further, it is
also clear from the Figure 5 that, for all the problems and for al the chosen cases, the (global) Cost
function, may be due to the high smoothness of the solutions, more or less followed the same
pattern of the error function. That means, the value of the RMS error at the optimum & obtained by
optimizing the (global) Cost function is expected to match with the minimum of the error function.
This is smilar to what has been reported in the literature, mostly for the eliptic Laplacian or
Poisson equations. However, the same is not true if the diffusion parameter a is reduced or the
Peclet number Pe is increased from one. Looking at the Figures 6 and 7 in which the (global) Cost
function and error functions for the test problems 1 to 6, have been compared for the diffusion
parameters a = 0.1 anda = 0.01, respectively, unlike the results known from the literature for
pure diffusion problems, it is clear from these comparisons that the minimum value of the error
function is not occurring at the optimum shape parameter (minimum of the (global) Cost function).
In particular, at @ = 0.1, say for the test problem 2, the minimization of the (global) Cost function
isgiving an £ value less than 2 for all the chosen cases, however the minimum of the error function
can be seen at close to € = 3. Similarly, for the test problem 6, when the global optimum is near
£ = 1, one can see a sharp fal in the error after £ = 3 giving a large gap between the = obtained
from the global optimization and the best shape parameter ( the value of the shape parameter where
the error function is minimum, which is of course can be obtained if the analytical solution of CDE
isknown ). A similar deviation of the optimized shape parameter and the best shape parameter can
also be seen for the other test problems and also for the test problemsat @ = 0.01 which have been
shown in the Figure 7. The deviation of optimized and best shape parameters is even more clear in
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Figure 7 wherein the comparisons have been made for 2D examples with small N and @ = 0.01. All
these comparisons demonstrate that the optimization of the (global) Cost function may not lead to a
shape parameter at which the error function is minimum for CDE problems, particularly, at low
diffusion parameters.

Alternatively, the optimization can be made local, as it is given in the local optimization
algorithm (3.10) to produce a variable optimum shape parameter. In the local optimization, the
optimal shape parameter varies spatially according to the nature of the solution and the
corresponding forcing function. The value of the shape parameter in this case may be large where
the solution varies rapidly and could be small elsewhere. This nature has been reported in the
Figures 8 & 9 for the test problems 2 and 4.
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Figure 5. Comparison of (RMS) error function & (global) Cost function against the Shape
parameter a8 a = 1,N = 11,21,41,81 (from the top to bottom) for Examples 1—3 and
N = 11 x 11,21 x 21,41 x 41 81 x 81 for Examples 4 — 6 (from the top to bottom).
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Figure 8. Local optimal variable shape parameter (g,) (left) and the corresponding numerical
solution (u)(right), for the Examples 2 & 4 (from top to bottom) at @ = 0.1, N = 41 (for 1D) and
N = 41 x 41 (for 2D).

Due to the variable nature of the optimum shape parameter in this case, the comparison of
the (local) Cost function and error function doesn't make any sense, therefore, one can compare the
error obtained using the local variable shape parameter with the corresponding error at the best
shape parameter. If thisis more close to the error at the best shape parameter than the error at the
globa optimum shape parameter then the purpose of developing local optimization is justified at
least for the CDE problems with low diffusion parameters. To demonstrate the same, the errors
obtained using globa and local optimization procedures are compared with the errors at the best
shape parameter for al the six test problems in Tables 3, 4 & 5 for diffusion
parametersa = 1,0.1 & 0.01, respectively. Once again the number centers in these computations
are varied from 11 to 81 for 1D and 11 x 11 to 81 x 81 for 2D problems. For the sake of
completeness, the computations a @ = 1 are also performed and the corresponding error norms
have been reported in the Table 3. It is clear from this table that, for many problems, the local
optimization also produced a unique optimal shape parameter which is very close to the
corresponding global optimum shape parameter. Therefore the minimum error obtained using these
algorithms are one and same. We have reported the range (minimum and maximum) of the shape
parameter for the problems wherein the local optimization has produced a variable shape parameter.
It can be seen that the errors obtained with the local scheme are more close to the error at the best
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shape parameter than the global scheme. One issue which must be noted here is the amount of
improvement in the solution. Since the error at the best shape parameter is one of the best one can
obtain, the improvement in the solution due to local optimization depends on the gradient of the
error at the best shape parameter. That is, if the error curve for a particular problem has a margina
variation at the best shape parameter then the improvement in the solution also will be marginal and
the improvement in the solution will be substantial only if the error curve has a good variation at the
best shape parameter like, for example, for the test problem six in the Figure 5. Therefore, instead
of looking at the improvement of the solution due to local scheme one should look at the obtained
error whether it is close to the error at the best shape parameter than the corresponding error with
the global shape parameter.
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Figure 9. Local optimal variable shape parameter (e;) (left) and the corresponding numerical
solution (u) (right), for the Examples 2 & 4 (from top to bottom) at @ = 0.01, N =81 (for 1D)
and N = 81 x 81 (for 2D).

Similarly, for the diffusion parameter a = 0.1, presented in Table 4, the RMS errors obtained
for al the test problems using the local optima shape parameters are better than the RMS error
calculated with the global optimal shape parameter. In particular, once again for the test problem 6,
the RMS errors calculated with the local optimal shape parameters are almost one order better than
the RMS error calculated with global optimal shape parameter and these RMS errors are almost
close to the RMS errors calculated with the best shape parameter. Similar kind of improvement in
the accuracy can aso be seen for the diffusion parameter 0.01, in the Table 5. Therefore, for the
convection dominated problems, the local RBF grid free scheme with alocal variable optimal shape
parameter produces more accurate results than the global optimal shape parameter.
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TABLE 3: COMPARISION OF THE GLOBAL (Global), BEST (Best) and LOCAL (Local) OPTIMUM SHAPE
PARAMETERS AND THE CORRESPONDING RMS ERRORS FOR EXAMPLES: 1 — 6, ata = 1,

Number of nodes ( N)

N 11 21 41 81

-

a £ RMS error | & RMS error | & RMS error | & RMS error
Global | 0.855 5.87(—04) | 0.855 1.48(—-04) | 0.855 3.71(—05) | 0.855 9.29(—-06)

Ex.1| Best | 0.856 5.87(—04) | 0.848 1.47(—04) | 0.848 3.68(—05) | 0.848 9.20(—06)
Local | 0.852 5.89(-04) | 0.852 1.47(—-04) | 0.852 3.69(—05) | 0.852 9.23(—-06)
Global | 1.624 549(-03) | 1.616 1.23(-03)| L.616 2.98(—04) | 1.623 7.40(—05)

Ex.2| Best | 1.848 2.74(-03) | 1.816 6.84(—04)| 1.808 1.72(—04) | 1.808 4.29(-05)
Local | 1.868 2.70(=03) | (1.6,2.421) 531(—-04)| (1.52,2.47)1.39(—04) | (1.1,1.9) 452(-05)
Global | 0.138 6.82(—06) | 0.138 1.71(-06) | 0.138 4.41(-07) | 0.189 1.63(—07)

Ex.3| Best | 0.140 6.76(—06) | 0.140 1.67(—-06) [ 0.130 4.14(—-07) | 0.240 1.46(—-07)
Local | (0.01,0.28) 9.11(=06) | (0.01,0.3) 3.25(-06)| (0.02,0.31) 4.09(—07) | (0.08,0.4) 5.02(—-07)

N 11x11 21 x21 41 x 41 81 x 81

s

a £ RMS error £ RMS error £ RMS error £ RMS error
Global | 1.531 3.47(-03)] 1.133 8.66(—04)| 1.327 2.17(—04) | 1.602 5.45(—05)

Ex. 4| Best | 0.144 3.27(-03)] 0.253 8.24(—04)| 0.382 2.06(—04) | 0.184 4.90(—-05)
Local | 0.432 342(-03)| (0.46,1.2) 8.62(—04)| (2.88,12.7) 2.07(—04) | (1.15,3.6) 3.76(—05)
Global | 0.012 2.69(—-06)| 1.013 7.83(—07)| 0.061 1.42(—-08) | 0.473 1.50(—-08)

Ex.5| Best | 0.033 2.48(—06)| 0.053 6.16(—07)| 0.063 4.05(—08) | 0.483 9.82(—09)
Local | (0.04,0.28) 2.72(—06) | (0.09,0.17) 6.53(—07)| (0.02,0.18) 1.63(—07) | (0.16,0.33)8.69(—08)
Global | 0.029 2.55(—05)| 0.026 8.79(—03)| 0.059 1.55(—06)| 0.245 5.53(—07)

Ex.6| Best | 0.027 2.53(-05)| 0.067 7.80(—04)| 0.067 2.82(—-06)| 0.187 1.09(-07)
Local | 0.04,0.12) 2.67(—05)] (0.1,0.11) 8.97(-06)| (0.1,0.106) 1.87(—06) | (0.1,0.41) 6.44(—07)

TABLE 4: COMPARISION OF THE GLOBAL (Global), BEST (Best) and LOCAL (Local) OPTIMUM SHAPE
PARAMETERS AND THE CORRESPONDING RMS ERRORS FOR EXAMPLES: 1 —6,at a = 0.1

Number of nodes (N)

N 11 21 41 81

—

a £ RMS error | € RMSerror | ¢ RMSerror| ¢ RMS error
Global | 0.814 1.37(-02)| 0.814 3.25(-03)| 0.814 8.00(—04)| 0.814 1.99(-04)

Ex.1| Best | 0.776 1.36(—02)| 0.776 3.25(-03)| 0.776 8.00(—04)| 0.776 1.99(—-04)
Local | 0.688 1.37(—02)| 0.688 3.26(—03)| 0.688 8.01(—04)| 0.688 1.99(—04)
Global | 1.659 2.65(—02)| 1.612 6.49(—03)| 1.623 1.60(—03)| 1.639 3.96(—04)

Ex.2| Best | 2.936 1.69(—02)| 2.760 4.17(—-04)| 2.720 1.04(-03)| 2.712 2.60(—04)
Local | (2.85,2.97) 1.66(—02) ] (0.36,4.25) 3.54(—03)| (2.99,4.22) 9.11(—04) | (2.63,5.33)2.11(—04)
Global | 0.569 1.21(-02)| 0.538 2.97(-03)| 0.521 7.40(—04) | 0.554 1.84(—04)

Ex.3| Best | 2.940 6.84(—03)| 2.730 1.95(—-03) | 2.640 5.02(—04) | 2.660 1.26(—04)
Local | (1.59,69.) 5.17(—03)| (1.59,2.60) 1.67(—03)| (1.59,2.60) 4.63(—04) | (1.59,2.6) 1.18(—04)

N 11x 11 21 x 21 41 x 41 81 x 81

y

a £ RMS erron € RMS error £ RMS error £ RMS error
Global | 1.438 9.24(—03)| 1.825 2.22(—03)| 2.279 5.45(—04)| 2.829 1.34(—04)

Ex.4| Best | 6.611 5.64(—03)| 7.107 1.61(—-03)| 7.504 4.24(—04)| 7.702 1.08(—04)
Local | (2.98,5.27) 5.20(—03)| (7.14,33.0) 1.47(—03)| 7.515 4.25(-04)| 7.740 1.08(—04)
Global | 0.296 4.05(—03)| 0.296 1.00(—03)| 0.295 2.50(—04)| 0.295 6.26(—05)

Ex.5| Best | 0.084 4.00(—03)| 0.094 9.89(—04)| 0.124 247(-04)| 0.012 6.13(—05)
Local | (0.01,1.59) 3.78(—03)| (0.33,2.22) 1.06(—03) (0.1,2.12) 2.47(-04)] (0.26,3.28)5.43(—05)
Global | 0.543 7.45(—03)| 0.435 1.88(—03)| 0.825 431(-04)| 0.905 1.05(—04)

Ex.6| Best | 2.509 1.84(—03)| 2.460 5.08(—04)| 2.440 1.30(—04)| 2.440 3.28(—05)
Local | 2.514 1.84(—03)| 2.456 5.08(—04)| (2.38,2.54) 1.30(—04) | 2.464 3.29(—05)
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TABLE 5. COMPARISION OF THE GLOBAL (Global), BEST (Best) and LOCAL (Local) OPTIMUM SHAPE
PARAMETERS AND THE CORRESPONDING RMS ERRORS FOR EXAMPLES: 1 — 6, at a = 0.01,

Number of nodes ( N)

N 11 21 41 81

—

a £ RMS error | ¢ RMS error| & RMSerror | ¢ RMS error
Global | 0.766 2.89(-01) | 0.766 1.07(=01)| 0.766 3.05(—-02) | 0.766 7.14(—03)

Ex.1| Best | 61.44 1.56(—-01) | 5.204 1.04(—-01)| 4.165 3.02(—02) | 3.496 7.10(—03)
Local | 68.66 1.57(—-01) | 2.800 1.06(—01)| 0926 3.05(—02) | (5.4,11.4) 6.65(—03
Global | 1.783 2.86(—01) | 1.664 1.07(—-01)| 1.857 3.06(—02)| 2.826 7.11(—03)

Ex.2| Best | 70.66 8.56(—02) | 77.90 6.45(—02)| 6.542 296(—-02)| 5.654 7.01(—03)
Local | 74.76 8.62(—02) | 73.14 6.49(—02)| (0.08,23.9) 1.29(—02)| (0.68,46.6)4.73(—03)
Global | 0.627 3.23(-01) | 0.604 8.97(—-02)| 0.594 2.08(—-02)| 0.582 4.87(—03)

Ex.3| Best | 46.68 3.63(—02) | 0.549 8.96(-02)| 0.449 2.07(-02)| 0.358 4 .86(—03)
Local | 46.85 3.64(—02) | 48.47 7.72(—02) (0.1,9.93) 1.66(—02)] (0.01,49) 4.63(—03

N 11x 11 21 %21 41 x 41 81 x 81

g

a £ RMS error | & RMS error| & RMSerror | e RMS error
Global | 39.14 1.09(—01) | 39.40 3.93(-02)| 6.646 1.56(—02)| 7.628 3.51(—03)

Ex. 4| Best | 39.92 1.08(—01) | 40.27 3.90(—02)| 41.28 1.07(—02)| 41.48 2.72(—03)
Local | (7.9,1083) 2.00(—01) | (19,2436) 2.05(—02)| (5.530.4) 1.02(—-02)| (2.83,31) 2.66(—03
Global | 57.14 1.94(-02) | 54.52 4.43(—-03)| 0.468 1.38(—02)| 0.512 3.11(—-03)

Ex.5| Best | 59.42 1.83(—02) | 55.90 3.88(—03)| 66.78 1.11(-02)| 0.344 3.10(—03)
Local | (55,1463) 1.84(—02) | (50.7,1186) 3.90(—03) 71.39 1.12(—02)] (0.18,7.96)3.11(—03)
Global | 36.36 1.54(-02) | 36.43 4.34(-02)| 0.522 1.99(-02)| 0.505 4.67(—03)

Ex.6| Best | 36.11 1.53(-02) | 35.31 432(-02)| 1.826 1.98(—02)| 2.954 4.67(—03)
Local | (7.1,1251) 5.61(—-02) | (18.1,1917) 3.51(-02) (1.10,36.1) 8.24(—03) | (0.61,1.2) 4.67(—03

One final comparison is the comparison of Table 2 with Tables 3, 4 and 5. That is,
comparing the errors obtained using optimization based on the global collocation with the errors
obtained using optimization based on the local collocation. It is clear from these tables that the
errors, both global and local, for the test problem 1, in tables 3, 4 and 5 are very close to the errors
presented under globa of the Table 2, if not the best, demonstrate the robustness of the devel oped
optimization procedure.

5.  Conclusions

The shape parameter of the infinitely smooth Radial Basis Functions (RBF) plays a significant
role in obtaining the accurate and stable solutions in RBF based local grid-free (LRBF) schemes. In
the present work, we have shown that the cost and error functions obtained using the existing global
optimization schemes are highly oscillatory, particularly for large N and small diffusion parameters,
making the optimization process ineffective. To avoid such oscillations we have proposed a local
algorithm to find the globa and local (near) optimal shape parameter(s) to solve Convection-
Diffusion Equations (CDE) using LRBF scheme. The developed agorithm is based on the re-
construction of the forcing term in the CDE using the collocation over the centers in the local
support domain and the residua errors are calculated using the Rippa’s “leave one out cross
validation” algorithm. The proposed optimization algorithm has been tested with LRBF scheme
over alarge number of one and two-dimensional linear CDEs with strong boundary layer solutions
and demonstrated its robustness. The main conclusions of the present work are as follows:

The (near) optimal shape parameter truly depends on the differential operator, forcing

term, boundary conditions, basis function (¢), the number of centers and ther
distribution.
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The proposed local optimization algorithm is very stable for a wide range of shape
parameters, even with alarge number of centers.

For diffusion dominated problems, the corresponding (global) Cost function ideally
imitates the (RMS) error function.

For the convection dominated problems the (near) local optimal variable shape
parameters obtained by minimizing the (local) Cost function varies spatialy according
to the nature of the solution. The value of the shape parameter is generally large where
the solution varies rapidly and small elsewhere. The variation in these values makes the
LRBF scheme to produce accurate and stable solutions.

The local RBF grid free scheme with local (near) variable optimal shape parameters
produces more accurate results, when compared with the global (near) optimal shape
parameter.

The local optimization agorithm can also be applied to find the shape parameter if one
wishes to improve the local accuracy by clustering the nodes in any selected regions.
The LRBF scheme with a local optimization agorithm can aso be applied for solving
the large scale complex problems, since they require the inversion of smaller dense
matrices.

Finally, the Brent's bracketing algorithm [19] which has been used to find the local minima
requires an initial interval that contains the minimum. The interval dependency of this scheme may
be resolved using Particle Swarm Optimization (PSO) algorithm; however, it’s not been used in the
present work. To conclude, in the present work, we have developed global and local optimization
schemes for RBF shape parameter based on a local collocation procedure which is free from ill-
condition unlike the global optimization schemes those exist in the literature.

Nomenclature

Linear convection diffusion (differential) operator
Boundary operator

Forcing term

Right hand side function for the boundary conditions
Unknown function

Dimension of the problem

Space of d-dimensional real numbers

Domain

Boundary of the domain

Diffusion parameter

Number of nodes in the computational domain

n, Number of nodesin the local support domain of the node x,
C, Set of local supporting nodes for x,

¢ Radia Basis Function (RBF)

£ Shape parameter

m Order of the RBF

Position vector

) Position vector in two dimension

s Space of al d-variate polynomialswith degree = m — 1
p;(x) d-variate polynomialswith degree < m — 1

) Interpolant

A Vector in R™

d Interpolation matrix without polynomial term
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Interpolation matrix with polynomial term

Cronical delta

Lagrange Function

Weights

Set of local supporting nodes for x, excluding k" center
Set of forcing function values over €,

Linear differential operator applied on RBF as a function of second argument
Residua error vector

Vector in R™
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