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In this paper a numerical investigation of conjugate natural convection inside a 
divided square cavity filled with Al2O3-water nanofluid is performed. The lattice 
Boltzmann method (LBM) is used to solve the governing equations. The nanofluid 
thermo-physical properties are selected based on literature experimental 
correlations. The grid independency was checked and the LBM code model was 
validated on two different cases for wide ranges of the present problem monitoring 
parameters. A good agreement is obtained by comparison with reported results in 
the literature. The study of the conjugate heat transfer and nanoliquid motion is, 
afterward, conducted for the ranges of nanoparticles volume fraction (%): 1 ≤ φ≤ 4, 
temperature (°C): 20 ≤ T≤ 40, particle size (nm): 15≤ dp≤120 and Rayleigh number: 103 
≤Ra ≤ 106. It will be shown firstly that, at room temperature, the viscosity and the 
thermal conductivity experimental correlations based models give results in strong 
deviation compared to theoretical ones. The effects of the aforementioned problem 
parameters on local and average heat transfer and velocity profiles are explored and 
discussed. Results show a heat transfer rise by increasing the temperature. However, 
for the Al2O3 nanoparticles size, the enhancement marked a maximum close to 
dp=33nm in a concave behavior. The heat transfer and the fluid motion are dumped 
by increasing the volume fraction φ (%) and the nanoparticles size (dp ≥35nm) due to 
the reduced effective Ra* number. 

Keywords:  
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1. Introduction 
 

The Lattice Boltzmann Method (LBM), derived from the models of the lattice gas automata [1], 
has been developed as an alternative numerical scheme for solving the incompressible Navier-
Stokes equations. In the last few years, this method has received exceptional attention. A rapid rise 
of the application of the LBM was noted in several fields, including physical, chemical, biological, 
and sciences for academic, research and engineering purpose. In this context the lattice Boltzmann 
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method (LBM) is used to predict moving solid particles in a fluid flow [2]. Recently, the LB method 
was also applied to simulate nanofluids successfully. 

Recent advances in nanotechnology have allowed development of a new category of fluids 
termed nanofluids, a suspension containing small amounts of nanoparticles or carbon nanotubes 
with diameters below 100nm. An innovative technique to enhance heat transfer is by using nano-
scale particles in the base fluid. Nano-scale particle added to fluids are called as nanofluid which is 
firstly utilized by Choi [3]. Until today, nanofluids are used by many researches [4]. 

nanofluids are used in various industrial processes such as Micro Electro Mechanical Systems 
(MEMS) [5], cooling of electronic elements [6-9], Cooling of thermal systems used in the 
automobile industry [10-12], cooling of nuclear system and Biomedicine Jordan et al., [13] and 
many other applications of nanofluids in heat transfer devices [14]. 

During the past decade, according to literature, the addition of nanoparticles has been noticed 
to cause the enhancement of convective heat transfer performance of a fluid. The theoretical 
models developed by Maxwell [15], Hamilton and Crosser [16], and Davis [17] corresponding to the 
thermal conductivity are used in the most cases. For the dynamic viscosity the most of researchers 
use the Brinkman model [18]. Several theoretical studies in the literature have reported to estimate 
the viscosity and thermal conductivity of nanofluids. Consequently, the impact of these physical 
parameters on the natural heat transfer and the behavior of the flow are studied by many 
researchers. 

Jahanshahi et al., [19] investigated heat transfer enhancement in a square cavity subject to 
different side wall temperatures using water/SiO2 nanofluid based on experimental measured 
conductivity. The Rayleigh number of base fluid, Raf=105–107 and the volume fraction of 
nanoparticle between 0 and 4%. The results show a considerable enhancement in heat transfer by 
increasing the concentration of nanoparticules in the base fluid at any Rayleigh number for the 
experimental thermal conductivity model. On the other hand, the results show a decrease in heat 
transfer for the theoretical thermal conductivity model (Hamilton and Crosser model). 

Lai and Yang [20], analyzed the impacts of natural convection heat transfer in a square cavity 
loaded with Al2O3/water nanofluid. They have taken the nanoparticles size of 42 nm for the 
simulation. They found that the average Nusselt number increases with the increasing Rayleigh 
number and the addition of Al2O3 nanoparticles. They found a significant under-estimation of 
nanofluid viscosity by using theoretical models. 

Kefayati [21], studied the natural convection in an open-ended enclosure that contains Cu-
water nanofluid. The simulation is carried out for various ranges of parameters like Rayleigh 
number, the volume fraction of nanoparticles, and aspect ratio of the cavity. The results 
demonstrate that the decrease in aspect ratio and increase in Rayleigh number enhance the heat 
transfer rate. They found that the impact of nanoparticles was observed to be maximum when the 
aspect ratio is 2.  

Selvan [22] investigated numerically the flow motion and heat transfer enhancement in a 
bottom heated lid-driven square cavity filled with nanofluids. They found that the heat transfer 
coefficient of nanofluids increases with increasing value of the nanoparticles concentration. The 
average Nusselt number is linear function of solid volume fraction.  

Snoussi et al., [23] investigated numerically the heat transfer enhancement for natural 
convection in a cubical enclosure filled with Al2O3/water and Ag/water nanofluids. Authors found 
that the heat transfer decreases with increasing the particle volume fraction, especially at high 
Rayleigh numbers. A similar trend in the increase of the Nusselt number with the Rayleigh number 
is also observed. 
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Sheikholeslami et al., [24] investigated numerically free convection of nanofluid in annuli 
enclosure filled with water including various kinds of nanoparticles using the Lattice Boltzmann 
Method. The viscosity and the effective thermal conductivity of nanofluids are respectively 
simulated using Maxwell-Garnetts and Brinkman models. The rate of heat transfer enhances by 
adding nanoparticles, though the maximum rate of heat transfer is obtained when copper is 
selected as the nanoparticle. Authors found that as the aspect ratio decreases, the Nusselt number 
increases. Also, they observed a different behavior for Nuh when the aspect ratio increases. The 
minimum value of Nuh is obtained at the aspect ratio equal to 2.5, and the maximum value of it 
occurs at the aspect ratio equal to 1.5 whereas Nuh shows an increasing trend with respect to the 
aspect ratio for Ra = 105, 106. The maximum value of enhancement is related to at the aspect ratio 
equal to 2.5 at Ra = 106, while for other Rayleigh numbers, it is obtained at the aspect ratio equal to 
1.5. 

Bararnia et al., [25] studied the effects of inclination angle and Rayleigh number on free 
convection in a partitioned space filled with a nanofluid using theoretical correlations. Besides, 
Brinkman and Maxwell models are used for viscosity thermal conductivity respectively. They found 
that the vertical partition leads the highest heat transfer rate. The application of nanofluids leads to 
increase in the Nusselt number compared to the base fluid. 

Zahan and Alim [26] investigated numerically a model regarding conjugate effect of fluid flow 
and heat transfer in a heat conducting vertical walled cavity filled with copper-water nanofluid. The 
governing equations of this model have been solved by using finite element method of Galerkin 
weighted residual approach. The study has been carried out for the Rayleigh number Ra =106 and 
for the solid volume fraction 0≤ϕ≤0.05. Authors found that the heat transfer rate decrease by 
means of raising the convective heat transfer coefficient. It is also pragmatic that at a higher h∞ the 
existence of the nanoparticles is more valuable. The position of the partition contributes to 
enhance the heat transfer rate when the divider gets closure to the cold wall. The influence of the 
flow circulation of the fluid is much higher with thin wall. The average Nuselt number decrease by 
increasing the wall thickness and he becomes constant for the highest values of the thickness 
parameter. In another study Zahan and Alim [27] analyzed the effect of Rayleigh number and 
thermal conductivity ratio on the hydrodynamic and thermal characteristic of flow. They found that 
the Rayleigh number have a significant effect of on the pattern of streamlines and isotherms in the 
cavity. The Nusselt number is an increasing function of Rayleigh number. It is found that the rate of 
heat transfer increases and the fluid moves with greater velocity when the value of Rayleigh 
number and conductivity ratio increase.  

Recently, many experimental studies are available in the literature have been conducted in 
order to estimate the dynamic viscosity and thermal conductivity of nanofluid. Due to the 
underestimation of the theoretical models of the dynamic viscosity and thermal conductivity, a 
modern development of empirical correlations based on the experimental measurements has been 
performed. 

He et al., [28] studied natural convection in a square cavity filled with alumina-water nanofluid. 
They found that the heat transfer characteristics transform from conduction to convection as the 
Rayleigh number increases, the average Nusselt number is reduced with increasing volume fraction 
of nanoparticles, especially at high Rayleigh number. The flow and heat transfer characteristics of 
Al2O3-water nanofluid in a square cavity are demonstrated to be more sensitive to viscosity than to 
thermal conductivity. 

Jalali and Abbassi [29] performed a numerical simulation based on experimental correlations  
in a square cavity heated from the bottom filled with a mixture of water and Al2O3 nanoparticles. 
They found that the heat transfer decrease with increasing the concentration of Al2O3 nanoparticles 
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in the base fluid. The heat transfer is strongly affected by increasing the size of Al2O3 nanoparticles. 
Besides, the enhancement of heat transfer is detected only when dp exceed 20 nm.  

Alawi et al., [30] estimated the thermal conductivity and viscosity of various types of metallic 
oxides for nanoparticle concentrations ranging from 0 to 5% at temperatures of 300–320K and 
different nanoparticle shapes. They found that the effective thermal conductivity and thermal 
conductivity ratio of metallic oxide nanofluids increase with temperature and nanoparticles volume 
fraction but decreases when the nanoparticles size intensifies. 

Etaig et al., [31] proposed a new model predicting the viscosity of the nanofluids. They found 
that the theoretical models underestimate the viscosity at higher volume fractions. The effective 
viscosity increases with the increase of the volume fraction and decrease with temperature. 

Nguyen et al., [32] made an experimental investigation of Al2O3 nanofluids at high volume 
concentration. In his study the temperature presents an important factor for both pure fluid and 
nanofluid. The results showed that although both viscosities of water and Al2O3 nanofluid decrease 
as the temperature increases, the effective viscosity ratio of Al2O3 nanofluid decrease firstly and 
then increase as temperature increases. And the lowest viscosity of nanofluid was obtained at 43°C 
for 1vol%. The effect of temperature on the effective viscosity ratio of nanofluid is weaker than the 
particle concentration. 

Khanafer and Vafai [33], According to literature, they developed a new correlation for the 
effective viscosity of water based Al2O3 nanofluid from curve fitting of the experimental data [32], 
[34-36]. In addition, these authors developed a new model corresponding to the thermal 
conductivity. The models are valid for Al2O3 nanofluids with temperatures between 20 and 70°C, 
nanoparticles diameters between 13 and 131 nm and concentrations of Al2O3 in the base fluid 
range between 1% and 9%. They conclude that the viscosity of nanoflluid plays a key role in 
predicting the heat transfer characteristics. Corcione [37] formulated a viscosity and thermal 
conductivity correlations from various experimental data of nanofluid. Their correlations are valid 
for a temperature range from 293 to 333 K, volume concentration range from 0.1% to 7.1% and a 
particle size ranging between 25 and 200 nm. He found that the effective thermal conductivity and 
the dynamic viscosity increases as the nanoparticles volume fraction and the temperature are 
increased, and the nanoparticles diameter is decreased. The effective viscosity is independent of 
temperature. Sekhar and Sharma [38] presented a regression equation including the effect of 
particle concentration, particle size and temperature of the base fluid. It is based on the 
experimental data [39-42] from the literature. They observed that the model was in a good 
agreement with the experimental data of different authors with a deviation of –10 to +18%. The 
correlation is valid in the range of 13 nm < dp < 100 nm particle size, 20 °C < Tnf < 50 °C and 0.01% < 
φ < 4% volume concentration.  

The aim of this numerical research is to study the performance of the nanofluid conjugate 
convective heat transfer in two-dimensional differentially heated cavity divided with an exchanger. 
The effect of several operating parameters such as solid volume fraction (), the Rayleigh number 
(Ra), the temperature (T), the diameter size (dp), the dynamic viscosity and the thermal 
conductivity, on the heat transfer is studied. At ambient temperature, models for viscosity and 
thermal conductivity based on experimental measurements of water based Al2O3 nanofluids are 
used. Other models based on experimental measurements combining effects of temperature, 
concentration and nanoparticles sizes are also used to evaluate their effects on conjugate heat 
transfer and the dynamic of the flow inside the divider cavity. 
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2. Mathematical formulation 
2.1. Problem statement 
 

Figure 1 demonstrates a schema of the physical model for conjugate natural convection heat 
transfer in square cavity divided with an exchanger. The height and the width of the enclosure are 
given by H and W, respectively. The horizontal walls are adiabatic while the entire right wall was 
held at the isothermal cold temperature Tc and the cavity is heated with the hot temperature Th 
from the left vertical wall. All the walls are rigid and no-slip BC is considered. Detailed of The non-
dimensional boundary conditions is listed in Table 1. The divided cavity is filled with Al2O3-water 
nanofluid. 

 
a) It was assumed that the Al2O3 solid nanoparticles were always stable and suspended in 

water, means that there was no sedimentation or accumulation of nanoparticles. 
b) The nanofluid is considered as a single-phase. 
c) The Al2O3 solid nanoparticles have a spherical form 

 

 
Fig. 1. Physical domain and coordinate system. 

 
Steady and laminar flow is considered. The density variation in the nanofluid is approximated by 

the standard Boussinesq approximation. The viscous dissipation and Joule heating are neglected.  
 

2.2. Governing equations 
 

Considering the above mentioned assumptions, the governing equations of nanoliquid motion 
and heat transfer in dimensional form namely the Navier–Stokes coupled with the energy 
equations are given as follow: 

Continuity equation 
u v

0
x y

 
 

 
                                                                                                                                                         (1) 
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Momentum equations 
2 2

2 2

u u u p u u
u v

t x y x x y

*

nf nf

       
        

        
                                                                                      (2) 

   
2 2

f c2 2

v v v p v v
u v g T T

t x y y x y

*

nf nf nf

       
           

        
                                                    (3)  

 
Energy equation for the fluid 

2 2

2 2

T T T T T
u v

t x y x y

f f f f f

nf

     
           

                                                                                                    (4) 

 
Energy equation for the solid  

2 2

2 2

T T
0

x y

s s 
 

 
                                                                                                                                                              (5)  

 
The above equations are normalized using the following dimensionless variables: 

x
X

W
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y
Y

W
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uW
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nf
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vW

V
nf




, 
2

2

p W
p

*

nf nf


 

, 
c

h c

T T

T T
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  3

h cg T T W
Ra

f f

 


 
, 

2

t

W

nf
   

f

f

Pr





 

 
The non-dimensionalized continuity, momentum and energy equations for nanofluid and solid body 
are expressed as:

 U V
0

X Y

 
 

 
                                                                                                                                                                    (6) 

2 2
*

2 2

U U U P U U
U V Pr

X Y X X Y

      
      

      
                                                                                                    (7) 

2 2
* * *

2 2

V V V P V V
U V Pr Ra Pr

X Y Y X Y

      
        

      
                                                                             (8) 

2 2

2 2
U V

X Y X Y

f f f f f      
   

    
                                                                                                                     (9) 

2 2

2 2
0

X Y

s s   
 

 
                                                                                                                                                            (10) 

 

where *Pr and *Ra  are respectively the modified Prandtl and Rayleigh numbers for nanofluid  
 

*Pr Pr

f

nf pnf f

f p nf

C k

C k





                                                                                                                                     (11)

 

 

 

 

 
*

pnf f nf f

nf nfpf f

Ck
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k C

 


 
                                                                                                                  (12) 
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                                               Table 1 
                                               The non-dimensional boundary conditions 

X=0 X=W Y=0, H X=X1, X2 

θ=1  
θ=0 
 

0
Y





 

s

nf  nf  solid

k

X k X

    
   

    
 

U=V=0 U=V=0 U=V=0 U=V=0 

 

3. Thermo-physical properties of the nanofluid  
3.1. At the ambient temperature 
 

The density, the specific heat capacity and the thermal expansion coefficient of Al2O3–water 
nanofluid at the ambient temperature are summarized in Table 2. 
 

Table 2 
Thermo-physical properties of the nanofluid at the ambient temperature 
Physical property Equation Reference 

density  1nf f p       
[36] 

heat capacitance       1p p pnf f p
C C C     [38] 

ρ-weighted heat capacity       1p p pnf f p
C C C        [39], [43] 

ρ-weighted thermal expansion coefficient       1
nf f p

        [36] 

 

The effective thermal diffusivity of the nanofluid is given by the following expression:  

 
nf

nf

p nf

k

C
 


                                                                                                                                                               (13) 

 
3.2. Dependence on temperature  
 

Based on the experimental data of Ho et al., [44], Khanafer and Vafai [33] developed a new 
correlation for the density, the specific heat capacity and the thermal expansion coefficient of 
Al2O3–water nanofluid at different temperatures and nanoparticles volume fraction, which are 
grouped in Table 3. 

 
Table 3 
Thermo-physical properties of the nanofluid for various temperatures 

Physical property Equation 

Density  nf T 1001 064 2738 6191 0 2095 T. . - .      

Heat capacitance  

 
f f p p

nf
nf

1- Cp + Cp
Cp

T

     
    

 

Thermal expansion coefficient 
  3 3

nf 2

4 7211
T 0 479 T 9 3158 10 10

T

- -.
- . . -
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4. Models of viscosity and thermal conductivity 
4.1. At room temperature 

 
Several models have been established for the nanofluid viscosity and hermal conductivity at 

room temperature. Tables 4 and 5 present some theoretical and measurement fitting models. 
 

Table 4 
Summary of viscosity models at room temperature  

Theoretical models Experimental models Remarks 

Brinkman model [18] 

 
2.5

1

f

nf


 

 
 

 Khanafer and Vafai [33]  

 2
nf f1+23.09 +1525.3    

 

Fitting measurements of Pak and Cho [36] 
dp=13nm, 0 0 04.    

Batchelor model [45] 

 2
nf f1 2 5 6 2. .     

 

 Maiga et al., [46]
 

 2
nf f1+7.3 +123      

Fitting measurements of Wang et al., [47] 
dp=28nm 

 
Table 5 
Summary of thermal conductivity models at room temperature  

Theoretical model Experimental model 

Maxwell, Hamilton and Crosser model [15, 16]

 
 

2 2

2

p f f p

nf f

p f f p

k k k k
k k

k k k k

   


  
 

Khanafer and Vafai [33]

 nf

f

k 47
1 1.0112 2.4375 0.0248

k 0.613

p

p

k

d

   
         

    
0 0 04.   , 10 C T 40 C           

 
4.2. At various temperatures 
 

By fitting the curve of the experimental data [32], [34-36] available in the literature Khanafer 
and Vafai [33] developed a new correlations for the effective viscosity of based Al2O3-water 
nanofluid. The models is valid for Al2O3-water nanofluid with temperatures between 20 and 70 °C, 
nanoparticles diameter between 13 and 131 nm and volume concentrations between 1% and 9%. 
 

 
2 2 3

2 3

nf f 2 3 2 2

p p

28 837
T 0 4491 0 5740 0 1634 23 053 0 0132 2354 734 23 498 3 0185

T T T d d

.
. . - . . . . . .

    
                 

 

    (14) 

 

The dynamic viscosity f of pure water versus the temperature can be expressed as follow  

 

 
247.8

-5 T-140
f T 2.414 10 10                                                                                                                                         (15) 

 
The correlation corresponding to the relative thermal conductivity of the nanofluid is approximated 
by Khanafer and Vafai [33] based on experimental data. 
 

 

 

 

 

0 2246 0 0235
2

nf nf0 7383

3 2

f p f

k T T1
0 9843 0 398 3 9517 34 034 32 509

k T d T T T T

. .

.. . . . .
      

                        

(16) 

p11 nm d 150 nm  , 20 C T 70 C     
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5. Lattice Boltzmann Method  
 

For the incompressible problems, LBM utilizes two distribution functions, f and g, for the flow 
and temperature fields, respectively [48].  
 
For the flow field: 

       0 8

1
, , , ,  eq

k k k k k kf x c t t t f x t f x t f x t t F 



          
                                                       (17) 

 
For the temperature field: 

       0 8

1
, , , ,eq

k k k k k

c

g x c t t t g x t g x t g x t 
        

                                                                    (18) 

 

  and c are the relaxation time for the flow and temperature fields
 

 
F is an external force term 
 
f eq and geq are the local equilibrium distribution functions which are calculated with Eqs. 19 and 20 
for flow and temperature fields, respectively. 
 

 
2 2

2 4 2

9 .. 3
1 3

2 2

k ieq k i i
k k

c uc u u
f

c c c

 
     

  

                                                                                                    (19) 

2

.
1 3eq k i

k k

c u
g

c

 
    

 
                                                                                                                                    (20)

 
 
D2Q9 model for flow and temperature is used in this work, thus the weighting factors and the 
discrete particle velocity vectors are calculated as follows: 
 

0 1 4 5 8

4 1 1
, ,

9 9 36
k k k                                                                                                                            (21) 

 
The discrete velocities, ci , for the D2Q9 (Figure 2) are defined as follows: 

c 0 1 0 -1 0 1 -1 1 1
c

c 0 0 1 0 -1 1 1 -1 -1

   
    

  

ix

i

iy

                                                                                               (22)       
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Fig. 2. The nine-speed square lattice of the 
D2Q9 model for the flow and temperature 
fields 

 
The kinematic viscosity and the thermal diffusivity are then related to the relaxation times by: 

2

s

1
c t

2


 
     

 
                                                                                                                                            (23)

 

2

c s

1
c t

2

 
     

 
                                                                                                                                            (24)

 
 

Where sc  is the lattice speed sound which is equal to 
s

c
c

3


 
 
The macroscopic quantities can be calculated with the following formula:

 
Flow density:  

8

0

, k

k

x t f


 
                                                                                                                         

(25) 

Momentum: 
8

0

( , ) ( , )i k k

k

x t u x t c f


 
                                                                                                          

(26)
 

Temperature: 
8

0

( , ) k

k

x t g


 
                                                                                                                        

(27)
 

 
5.1. Conjugate heat transfer formulation 

 
At the fluid-solid interface, the temperature and heat flux are continuous, as described in the 

following equations  
 

nf s

nf s

k k
X X

    
   

    
                                                                                                                                 (28) 

r

nf s

k
X X

    
   

    
                                                                                                                                         (29) 
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Where s
r

nf

k
k

k
 .  

 
As a consequence, in the present model, the temperature and the heat flux at the interface can 

be kept continuous naturally. Solving the Eq. 29 for the temperature at the interface leads to: 
 
At X=X1 

 
   nf r s

r

i 1, j k i 1, j
i, j

1 k

    
 


                                                                                                            (30) 

 
At X=X2 

 
   r s nf

r

k i 1, j i 1, j
i, j

1 k

   
 


                                                                                                            (31) 

 
6. Solution method 
 

The viscosity and thermal diffusivity are calculated from the definition of these non-dimensional 
parameters 

f sN Ma c
3 Ra

Pr
    


                                                                                                                            (32) 

 
f

f
Pr


 

 
 
where N is the number of lattices nodes in y-direction 

 
In the present study, Mach number is fixed as 0.1. In order to ensure that the code is applicable 

in a near incompressible regime, the characteristic velocity must be small compared to the fluid 
speed of sound. 

The Nusselt number Nu is the most important dimensionless parameters describing the 
convective heat transport. The local Nusselt number is expressed as: 

l

f

hH
Nu

k
                                                                                                                                                          (33)         

 
Where the heat transfer coefficient is computed from: 

w

h c

q
h

T T



                                                                                                                                                       (34)        

 
The thermal conductivity of the nanofluid is expressed as: 

w
nf

q
k

T

X

 




                                                                                                                                                       (35)         

 
The local Nusselt number along the left wall can be calculating by substituting the Eqs. 34 and 

35 into Eq. 33, and using the dimensionless quantities, can be written as: 
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nf
l

X 0f

k T
Nu

k X 

 
   

 
 

 
The average Nusselt number is obtained by integrating the local Nusselt number 

H

nf
l

f0 X 0

k1 T
Nu

H k X


 
   

 


 
 
7. Grid independence test and code validation  
 

In order to check the grid sensitivity and the code validation the models of Brinkman [18] and 
Hamilton and Crosser [16] for viscosity and the effective thermal conductivity respectively are used. 
 
7.1. Grid independence test  
 

In order to guarantee a grid independent solution, various grids (50², 100², 150², 200² and 250²) 
were tested for the enclosure with partition filled with 4% of Al2O3-water. The results are shown in 
Figure 3 by the vertical velocity profile. According to this figure, 200×200 lattices number is chosen 
as the final independent lattice numbers for all Rayleigh numbers. 
 

  

  
Fig. 3. Grid sensitivity check: Vertical velocity profile U (X, 0.5) for different mesh 
sizes at different Rayleigh numbers (4% Al2O3/water nanofluid). 
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7.2. Code validation 
 

The validation of the present numerical work is performed by comparing the results of the 
average Nusselt number obtained by the present code for different values of Rayleigh number with 
results available in the literature for the two test cases. At the first, the comparison presented in 
Table 6 for natural convection in an enclosure filled with air and water (Pr=0.71 and 5.828 
respectively) shows that there is very good agreement between the results of the present LBM 
method and results of [[20], [49]] based on the LBM method and PDQ method respectively. Our 
results are also validate based to an experimental study realized by Bairi [50]. The results show a 
max deviation about 6.59% for Ra=106. 

The second, it concerns natural convection in an enclosure filled with Al2O3-water nanofluid, the 
results obtained by the present code for different Rayleigh number and for different solid volume 
fraction are compared with those performed by [20] based on the LBM method (Table 7). From this 
table we noted that the solutions are in excellent agreement.  

The present model correspond to a differentially heated cavity with conjugate heat transfer was 
validate by comparison to FE COMSOL [51] results for kr=6.22, Pr=0.71, δ=0.1 and Ra=105. Figure 4 
illustrates the temperature profiles and the local Nusselt number of the active hot wall. The results 
show an excellent agreement. 
 

Table 6 
Comparison of the present results for a differentially heated cavity at different Rayleigh numbers with 
results of Refs [20], [49] and [50]. 

      Air   Water 

Present  Ref [20]  Ref [49] Ref [50]   Present  Ref [20]  Ref [49]  

Method LBM LBM PDQ Exp. Max devi. LBM LBM PDQ 

 
Ra 
 
 

103 1.127 1.126 1.118 1.112 1.33 1.126 1.128 - 
104 2.253 2.252 2.243 2.168 3.77 2.284 2.286 2.274 
105 4.522 4.514 4.519 4.228 6.5 4.732 4.729 4.722 

106 8.825 8.752 8.799 8.243 6.59 9.299 9.173 9.230 

 
Table 7 
Comparison of the present results for a square cavity filled with Al2O3-water 
nanofluid at different Rayleigh numbers with results of Ref [20]. 
Ra Volume fraction (ϕ (℅)) Ref [20] Present study Error (℅) 

103 1 1.16 1.16 0 
 2 1.19 1.19 0 
 3 1.22 1.22 0 
 4 1.26 1.26 0 

104 1 2.35 2.34 0.4 
 2 2.41 2.41 0 
 3 2.48 2.48 0 
 4 2.55 2.55 0 

105 1 4.86 4.85 0.2 
 2 5.00 4.99 0.2 
 3 5.14 5.14 0 
 4 5.28 5.28 0 

106 1 9.43 9.57 1.48 
 2 9.69 9.84 1.54 
 3 9.96 10.12 1.6 
 4 10.24 10.40 1.56 
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Fig. 4. Temperature profile θ(X, 0.5) (a) and the Local Nusselt number (b) compared with those obtained 

by COMSOL. 

 
8. Results  
 

In the present investigation, the conjugate natural convention heat transfer phenomenon in a 
square cavity containing an exchanger is studied using lattice Boltzmann method based on 
experimental correlations. The divided cavity is filled with water based Al2O3 nanofluid. In this 
study, the effects of several parameters such as volume fraction of nanoparticles (1% ≤ ϕ ≤ 4%), 
Rayleigh number (103 ≤ Ra ≤ 106), temperature variation and the effect of particles size have been 
examinated. the Prandtl number is fixed at Pr = 6.2.  
 

8.1. Simulation at room temperature  
 
Figure 5 shows a comparison of the relative dynamic viscosity of water based Al2O3 nanofluid at 

room temperature. The viscosity models at room temperature are summarized in Table 4. As seen 
from the figure that the dynamic viscosity increase by adding nanoparticles into the basic fluid.  

Based on the experimental correlation proposed by Khanafer and Vafai [33], we find from the 
Figure 5 that the relative dynamic viscosity of Al2O3-water nanofluid is 4.36408 for 4% nanoparticles 
concentration. For the same concentration of nanoparticles, the Brinkman model [18] gives a 
relative viscosity of only 1.10744. The deviation is about 74.62%. It is found clearly that the relative 
dynamic viscosity of Al2O3-water nanofluid is largely underestimated by theoretical models 
especially at high concentrations. The augmentation in relative viscosity corresponding to the 
Khanafer and Vafai model is more important than the augmentation in relative viscosity estimated 
by the Brinkman model when the volume fraction of the nanofluid increases from 0 to 4%.  
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Fig. 5. Comparison of the experimental models used in this 
study to theoretical models (Brinkman and Batchelor) for 
Al2O3-water corresponding to the viscosity for different 
volume fraction  

 

Several experimental and theoretical studies in the literature have reported to estimate the 
thermal conductivity of nanofluids at room temperature (Table 5). Figure 6 show a comparison of 
the effective thermal conductivity measurements estimated by the experimental model proposed 
by Khanafer and Vafai [33] to the theoretical model of Hamilton and Crosser [16] at ambient 
temperature for Al2O3–water at various volume concentrations. For 4% nanoparticles 
concentration, the relative thermal conductivity corresponding to the Khanafer and Vafai model is 
about 1.32822. Furthermore, for the theoretical model, at the same nanoparticles concentration 
the estimated relative thermal conductivity is about 1.1192. The deviation of the experimental 
model proposed by Khanafer and Vafai [33] to the theoretical one is 15.73%. As the nanoparticles 
concentration increase for 0 to 4%, we remark that the relative thermal conductivity of the water 
based Al2O3 nanofluid estimated by the experimental model undergoes an augmentation of 24.71%. 
For the theoretical model the enhancement of the relative thermal conductivity is about 10.65%. 
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Fig. 6. Comparison of the experimental model proposed by 
Khanafer and Vafai to theoretical model for Al2O3-water 
corresponding to the thermal conductivity for different 
volume fraction 

 
Figure 7 shows the variation of the Nusselt number versus the nanoparticles concentration of 

Al2O3 in the base fluid using the model proposed by Khanafer and Vafai [33] for the dynamic 
viscosity (Eq. 23) and thermal conductivity (Eq. 28). The results estimated by experimental model 
are compared to the theoretical model of Brinkman [18] (Eq. 21). As seen from the figure that the 
experimental model of Khanafer and Vafai lead to decrease in heat transfer when the nanoparticles 
concentration increases. This decrease is more pronounced for high Rayleigh number. More 
precisely, for Ra=103, 104, 105, 106, the average Nusselt number decreases respectively by 0%, 
2.53%, 33.22% and 32. 01%. When we use the model of Brinkman the heat transfer is always 
improved. 

 

 
Fig. 7. The average Nusselt number as a function of solid volume fraction 
of Al2O3 for different Rayleigh numbers 
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The Nusselt number is the ratio of convection heat transfer to conduction heat transfer. 
Besides, the addition of nanoparticles into the base fluid increases the thermal conductivity of the 
nanofluid and then increases heat transfer, especially by conduction from the hot wall to flow and 
the conduction mode of heat transfer becomes dominant, but also increases its viscosity and then 
slow the flow motion leading to a decrease in heat transfer by convection inside the cavity. Who is 
the responsible to the decrease in heat transfer inside the partitioned cavity? Answer this question 
allows us to predict the behavior of the Nusselt number. As seen from the previous figures that the 
augmentation in relative viscosity is more important than the augmentation in the relative thermal 
conductivity. Besides, the increase in relative thermal conductivity is dominated by the increase in 
nanofluid viscosity. As a consequence, this decrease in Nusselt number is generated by the 
convective effects. 

Figure 8 illustrates the vertical velocity profile V(X, 0.5) for two models of viscosity at different 
Rayleigh numbers. As seen from the figure the absolute value of the velocity depends strongly of 
the used models for viscosity. The use of the model based on the experimental correlations lead to 
reduce the amplitude of the velocity with 64.70% for Ra=105, for Ra=106 the decrease is about 50%. 
Because of the high deviation between the two models, we think that the model based on the 
experimental correlations is more credible than the Brinkman model which is based on theoretical 
considerations. 

 

  
Fig. 8. Vertical velocity profile V(X, 0.5) for two models of viscosity (solid line correspond to the 
Brinkman model), (dashed line correspond to Khanafer and Vafai model) at different Rayleigh 
numbers 

 
Figure 9 shows the variation of the viscosity of nanofluid as a function of temperature for 

different volume fraction. We observe from this figure, as the temperature increase the viscosity of 
the base fluid decreases. The particles get rid of the effect of viscous forces, which leads to a 
decrease in the viscosity of the nanofluid for each concentration of the nanofluid. For example, at 
4% particles concentration, it is found that the viscosity of water based Al2O3 nanofluid decrease by 
52.66% when the temperature ranges between 20°C and 40°C. 
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Fig. 9. Variation of the viscosity of Al2O3-water nanofluid versus 
temperature for different concentrations of nanofluid 

 

8.2. Effect of temperature variation    
 
Figure 10 illustrates the influence of temperature on the relative thermal conductivity for 

various nanofluid concentrations. As the temperature increase the thermal conductivity ratio 
increase according to quasi linear variation. The main cause of improving of thermal conductivity 
due to the temperature rising may be described by the augmentation of interactions between the 
nanoparticles and Brownian motion. Moreover, at higher particles concentration, the ratio of 
surface to volume and collisions between particles increase which lead to the enhancement of the 
relative thermal conductivity. It may of. At ϕ=4%, the rate of augmentation of the relative thermal 
conductivity is about 7.5% when temperature range between 20°C and 40°C. 
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Fig. 10. Variation of the relative thermal conductivity of Al2O3-
water nanofluid versus temperature for different concentration 
of nanofluid 

 
Figure 11 illustrate the variation of the mean heat transfer as a function of temperature and for 

different nanoparticles volume fraction. We observe from the figure that the average Nusselt 
number increase linearly with increasing temperature indicating the improvement of heat transfer 
performance. In order to predict the average Nusselt number of Al2O3-water nanofluid, a 
correlation is presented by a second order polynomial fit. This correlation is a function of the 
nanofluid temperature for different solid volume fraction. 

 

 
Fig. 11. Variation of the average Nusselt number of Al2O3-water 
nanofluid as a function temperature for different concentrations 
of nanofluid 
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number increases with increasing in the temperature for each concentration of the mixture. As 
discussed above, the viscosity of Al2O3-water mixture decreases considerably with increasing 
temperature. In terms of solid volume fraction, the local Nusselt number of nanofluid decreases 
with the addition of nanoparticles. This decrease respect to the concentration of Al2O3 in the base 
fluid confirms the behavior of the average Nusselt number discussed above. The local Nusselt takes 
on higher values around Y=0 due to the higher temperature difference between the wall and the 
fluid.  

 

  
Fig. 12. Variation of the local Nusselt number along the hot wall for various temperatures and for 
different nanoparticles volume fraction 

 
Figure 13 displays the vertical velocity profile at the midplan for various temperatures and for 

different concentration of Al2O3 in the base fluid. It is seen that the amplitude of the velocity 
increase with increasing the temperature. Besides, the decrease in viscosity and the increase of the 
thermal conductivity lead to reduce the viscous forces and the flow becomes freer. This is a 
favorable situation to improve the heat transfer. In terms of solid volume fraction, we observe that 
the amplitude of the velocity decrease with the addition of Al2O3 nanosuspension into the base 
fluid. 

 

0,0 0,1 0,2 0,3 0,4 0,5 0,6 0,7 0,8 0,9 1,0
0

2

4

6

8

10

12

Ra=10
6
, =1%

 T=20°C

 T=30°C

 T=40°C

N
u

lo
c
a
l

Y

0,0 0,1 0,2 0,3 0,4 0,5 0,6 0,7 0,8 0,9 1,0
0

2

4

6

8

10

12

Ra=10
6
, =4%

 T=20°C

 T=30°C

 T=40°C

N
u

lo
c
a

l

Y



CFD Letters 

Volume 11, Issue 3 (2019) 1-27 

21 
 

  
Fig. 13. Vertical velocity profile V(X, 0.5) for various temperatures and for different nanoparticles volume 
fraction 

 
8.3. Effect of nanoparticles diameter size  
 

Figure 14 illustrates the influence of nanoparticles diameter on the viscosity of nanofluid for 
different temperature. By analyzing this figure, we observe that the viscosity decrease strongly 
when the nanoparticles diameter ranging from 15nm to 45nm. As seen that the viscosity remains 
constant at the interval 45 to 120. However, at low nanoparticles diameter the surface area 
between the nanoparticles increases. Besides, the viscous effect relative to the base fluid increase 
and leads to the increase in the viscosity of nanofluid. 

Figure 15 depicts the influence of nanoparticles diameter on the relative thermal conductivity of 
nanofluid for different temperature. As seen from this figure that the effective thermal conductivity 
of nanofluid decreases when the nanoparticles diameter increases. Besides, by increasing the 
nanoparticles diameter the spaces inter nanoparticles decrease and lead to decreases in thermal 
conductivity. In addition, when the surface between the nanosuspensions increase the interfacial 
layers which is the first responsible of the increase in the thermal conductivity increase. 

 

  
Fig. 14. Variation of the dynamic viscosity of 
Al2O3-water nanofluid versus nanoparticles 
diameter for various temperatures 

Fig. 15. Thermal conductivity ratio of Al2O3-
water nanofluid versus nanoparticles 
diameter for various temperatures 
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The effect of nanoparticles diameter of Al2O3 on the average Nusselt number at is depicted in 
Figure 16. By analyzing the previous figure, we find that the Nusselt number increases considerably 
with increasing the diameter size of Al2O3 nanoparticles when dp is lower than 30 nm. The Nusselt 
number achieved a maximum value in the range of 30-37.5 nm. It is clear from the previous figure 
that an increase in the nanoparticles diameter leads to reduction of the heat transfer rate on the 
hot wall. This behavior is observed when dp is higher than 45 nm. The size of the nanoparticles has a 
considerable effect on the viscosity and thermal conductivity of water based Al2O3 nanoparticles. 
Consequently, he affects the flow and heat transfer characteristics. The enhancement in Nusselt 
number when dp is lower than 30 nm is due to the decrease of viscous nanofluid. By increasing the 
size of the nanoparticles the heat transfer becomes generated by the conductive mode. In order to 
obtain a good performance in heat transfer it is better to use smaller nanoparticles diameter. 

 

 
Fig. 16. Variation of the average Nusselt number of 
Al2O3-water nanofluid as a function of diameter size 
of nanoparticles 

 
Figure 17 illustrates the dependence of the local Nusselt number along the hot wall on the size of 
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Nusselt number decrease. Besides, the performance of the heat transfer at the active walls is 
detected at the interval [38nm; 75nm]. 
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Fig. 17. Variation of the local Nusselt number along the hot wall of Al2O3-water nanofluid as a 
function of nanoparticles diameter size. 

 

Figure 18 shows the dependence of vertical velocity profile V(X, 0.5) on nanoparticles size. As 
seen from the figure that the maximum and minimum values of velocity profiles are clearly affected 
by the size of particles diffused into the base fluid. As the diameter sizes increases the velocity 
fields present a symmetrical behavior for each part of the cavity. In addition, it is clear that when 
the size of particles increases the location of Vmax moves to the wall and the solid partition. 
 

 
Fig. 18. Vertical velocity profile V(X, 0.5) for various diameter sizes of 
nanoparticles. 
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effects of the problem monitoring parameters on the flow dynamics and heat transfer are analyzed. 
The drawn conclusions may be summarized as follows: 
 
a) At ambient temperature  

 The theoretical models underestimate the dynamic viscosity and thermal conductivity of 
nanofluid at high value of concentration of Al2O3. 

 The heat transfer decrease as the volume fraction increase. 

 The dynamic viscosity plays an important role to generate the heat transfer inside the 
partitioned cavity. 

b) Above ambient temperature 

 The temperature is an important factor which affects the dynamic viscosity and thermal 
conductivity. 

 The enhancement is developed as the temperature increase. 

  The temperature affects strongly the dynamic of the flow. 
c) Nanoparticlessize effect 

 Both dynamic viscosity and thermal conductivity decrease by increasing the nanoparticles 
size. 

 The size of the nanoparticles affects strongly the mean heat transferand the convective 
behavior. 

 
Besides, it has been shown that the Lattice Boltzmann method is a powerful approach for 

investigating heat and fluid flow problems in multiphases media as well as for its simplicity of 
coding and its reasonable convergence CPU time in such stationary problems. In the following steps 
MHD effects in micro-geometries will be accounted for as an issue of important interest. 
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