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The purpose of this study was to investigate the magnetohydrodynamic (MHD) mixed 
convection flow and heat transfer of a dual stratified micropolar fluid over a vertical 
permeable stretching/ shrinking sheet with chemical reaction and heat source. The 
governing nonlinear partial differential equations are reduced into a system of 
nonlinear ordinary differential equations using an appropriate similarity 
transformation. Then, the obtained ordinary differential equations are solved 
numerically using the boundary value problem solver (bvp4c) in MATLAB software. The 
numerical results are tabulated and plotted for the heat transfer characteristics, 
namely, the skin friction coefficient, the local Nusselt number, the local Sherwood 
number as well as the velocity, temperature and concentration profiles for some values 
of the governing parameters. The present numerical results also have been compared 
with the previous reported results for a particular case and the comparisons are found 
to be in an excellent agreement. The results indicate that the skin friction coefficient 
and the local Nusselt number increase with chemical reaction and heat source. The 
magnitude of the local Sherwood number increases with the increasing of chemical 
reaction parameter. However, the magnitude of the local Sherwood number decreases 
with heat source effect. 
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1. Introduction 
 

The theory and model of micropolar fluids were first introduced by Eringen [1-2] which describe 
the fluids with microstructure. This theory is able to explain the microscopic effects due to the local 
structure and micromotion of the fluid particles which are the main limitation in the classical Navier-
Stokes equations. This model has been developed by considering an extra micro rotational 
momentum equation to the existing momentum equation. Lubricants, suspension solutions and 
animal blood are examples of liquids that use the micropolar fluid model (Ahmad et al., [3]). In the 
book by Lukaszewicz [4], he explains the theory of the micropolar fluid and its two applications in the 
theories of lubrication and porous media. Over the past few decades, the study of micropolar fluids 
has gained a lot of attention because of its usage in many processes that are taking place in the 
industry.  

In recent years, several boundary layer flow problems consider the double stratification effect in 
a micropolar fluid. Thermal and concentration stratifications occur due to temperature variations, 
concentration differences, or the presence of different fluids. The investigations on double 
stratification have attracted many researchers around the world due to the wide variety of 
applications in engineering such as thermal energy storage systems in solar ponds and the 
condensers of power plant involving the heat transfer from thermal sources (Srinivasacharya & 
Upendar [5]). One of the related scholarly works on this topic is done by Srinivasacharya and Upendar 
[5]. In detail, Srinivasacharya and Upendar [5] have analyzed the effect of double stratification on 
free convection MHD micropolar fluid over a vertical permeable stretching/shrinking plate. The 
analysis showed that the velocity, skin friction coefficient, the local Nusselt number and the local 
Sherwood number decrease with the increasing magnetic parameter. In contrast, the temperature, 
concentration, and the local wall couple stress increase as the magnetic parameter increases. Besides 
that, another main finding indicates that the skin friction coefficient, Nusselt number and Sherwood 
number decreases and the wall couple stress increases as the thermal stratification parameter 
increases. It is also reported that the skin friction coefficient, Nusselt number and Sherwood number 
decreases and the wall couple stress increases as the solutal stratification parameter increases. 

Later, Rashad et al., [6] focused on the thermal and physical properties of the features of mixed 
convection flow of micropolar fluid over a continuously moving isothermal vertical surface immersed 
in a double stratification (thermal and concentration) medium taking into consideration the chemical 
reaction and magnetic field effects. It is perceived that the skin friction coefficient, Nusselt and 
Sherwood numbers are enhanced with the increasing of material parameter. It is additionally 
observed that the local Nusselt number decreases with the chemical reaction parameter, whereas 
the skin friction coefficient and the local Sherwood number increase with it. Furthermore, it was also 
reported that the increase in the values of the thermal stratification parameter implies that the 
Sherwood number decreases while the opposite way occurred for the skin friction coefficient and 
the local Nusselt number. By contrast, it is identified that the skin friction coefficient rises as the 
solutal stratification parameter increased while both the local Nusselt and the local Sherwood 
numbers decrease with it. 

Most recently, Khashi’ie et al., [7] investigated suction, magnetic field, and double stratifications 
effects on the mixed convection boundary layer flow over a stretching/shrinking sheet in micropolar 
fluid. They reported that dual solution exists in a certain range of suction and stretching/shrinking 
parameters. It is found that the velocity gradient, temperature gradient and concentration gradient 
increase with the increase in the suction parameter. Opposite trend is found with the addition of the 
material parameter where the velocity gradient, temperature gradient and concentration gradient 
decrease with it. Apart from that, they stated that the temperature of the fluid is enhanced with the 
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thermal stratification parameter while the concentration is reduced with the increasing solutal 
stratification parameter. Also, it is further pointed out that both velocity and angular velocity have 
decreased with the increase in the magnetic parameter strength. Since then, there are numerous 
studies working on micropolar fluid under different physical conditions. 

The impacts of heat source on the fluid flow problem over the stretching/shrinking sheet 
condition have been discussed in many studies. The heat source effects have significant applications 
in physics and engineering applications. The heat source effects evident in different flow problems 
are very useful in the particle deposition rate in nuclear reactors, electronic chips and semiconductor 
wafers (Ibrahim & Suneetha [8]). Ibrahim and Suneetha [8] also mentioned the importance of study 
in the chemical reaction effect for example in an evaporation at the surface of a water body, energy 
transfer in a wet cooling tower and the flow in a desert cooler. 

Motivated by the above mentioned study by Khashi’ie et al., [7], the present work seeks to 
analyze the heat and mass transfer of MHD micropolar fluid flow involving double stratification 
through a stretching/shrinking vertical sheet under chemical reaction and heat source effect. To the 
best of author’s knowledge, no such studies are like the proposed study in the presence of heat 
source together with thermal and concentration stratifications. The governing equations in partial 
differential form are converted into a set of combined ordinary differential equations which are in 
nonlinear form. These resulting nonlinear ordinary differential equations are solved using bvp4c 
solver in MATLAB. The impacts of the governing parameters on the velocity, angular velocity, 
temperature, and concentration profiles as well as the skin friction coefficient, the local Nusselt 
number and the local Sherwood number have been plotted and analyzed wisely. 
 
2. Problem Formulation 
 

Consider the steady boundary layer flow and heat transfer of micropolar fluid over a linear 
stretching/shrinking vertical sheet in the presence of the magnetic field, suction, chemical reaction, 
and double stratification effects as illustrated in Figure 1. The stretching/shrinking sheet is assumed 

to have linear velocity  wu x ax , a variable surface temperature   0wT x T Ax  , concentration 

  0wC x C Ex   where a , A , and E  are constants with   0wT x T  and   0wC x C . The ambient 

temperature and concentration are assumed to be linearly stratified given by   0T x T Hx    and 

  0C x C Px    where H  and P  are constants whilst 0T  and 0C  are initial ambient temperature 

and concentration. Under the boundary layer approximations, the corresponding boundary layers 
equation with the above-mentioned effects is (see Srinivasacharya & Upendar [5], Rashad et al., [6], 
Khashi’ie et al., [7]) 
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Here, u  and v  are the velocity components along x  and y  directions, T  and C  are the 

temperature and concentration of the fluid respectively,   is the component of micro-rotation 
where the direction of rotation lies in the xy  plane,  is the fluid density,   is the dynamic 

coefficient of the viscosity of the fluid,   is the vortex viscosity, g is the gravitational acceleration, 

T  is the coefficient of thermal expansion, C  is the coefficient of solutal expansion, 0B  is the 

coefficient of the magnetic field, j  is the micro-inertia density,   is the spin-gradient viscosity, M

is the magnetic permeability of the fluid,   is the thermal diffusivity, 0Q  is the uniform volumetric 

heat source and absorption, pC  is the specific heat at constant pressure, D is the molecular diffusivity 

and 0k  is the chemical reaction. 

 

 
(a) Stretching sheet (b) Shrinking sheet 

Fig. 1. Physical model and coordinate system: (a) Stretching sheet; (b) Shrinking sheet 

 
The corresponding boundary conditions are 
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where m  is a positive constant between 0 and 1. As reported by Guram and Smith [9], the case 0m   

represent strong concentration. Furthermore, the case 1 2m   is referred as weak concentration 

(Ahmadi [10]) while case 1m   is used to formulate the turbulent boundary layer flows modeling 

(Peddieson [11]). In addition, wv is a constant mass flux velocity. The parameter   is the 

stretching/shrinking parameter where 0  corresponds to the stretching case and 0   
corresponds to the shrinking case. 
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The set of governing boundary layers Eqs. (1)-(5) in partial differential equation (PDE) form is 
reduced to set the coupled ordinary differential equation (ODE) by using the following similarity 
transformation 
 

         

       

1/2 1/2 1/2

0 0

,  ,  ,

,  ,w w

a y a xf ax a g

T T T T C C C C

       

  

  

     
        (8) 

 
where 𝜂 is the similarity variable,  is the kinematic viscosity and   is the stream function defined 

as 𝑢 = 𝜕𝜓/𝜕𝑦 and 𝜐 = −𝜕𝜓/𝜕𝑥, altogether satisfying Eq. (1). By substituting Eq. (8) in Eqs. (2)-(5), the 
following ODEs are obtained 
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Here, prime denote differentiation with respect to the similarity variable 𝜂, ( )f  is the 

dimensionless stream function, ( )g  , ( )   and ( )   are the dimensionless angular velocity, the 

dimensionless temperature and the dimensionless concentration of the fluid in the boundary layer 
region, respectively. The parameter K    is the material parameter where 0K   and 0K   

represent Newtonian fluid and micropolar fluid. The parameter 2

0MM B a   is the magnetic field 

parameter, 
0 pQ Q C a  is the heat source parameter, 2RexGr   is the thermal buoyancy 

parameter with 0  corresponding to the assisting flow and 0   refers to the opposing flow, 
* 2RexN Gr N  is the solutal buoyancy parameter where 3 2

TGr g Tx    is the local Grashof 

number due to temperature and * 3 2

CGr g Cx    is the local Grashof number due to 

concentration. The parameter Pr    is the Prandtl number, 1 H A   is the thermal 

stratification parameter, 2 P E   refers to the solutal stratification parameter, Sc D  is the 

Schmidt number and 0Cr k a is the chemical reaction parameter. 

Following the similarity transformation from Eq. (8), the associated boundary condition in Eqs. 
(6) and (7) turn into 
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where  
1/2

wS v a  is the suction parameter with  0 0wv S   for suction and  0 0wv S   

for injection. The quantities of interest in this study are  
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where , , ,w w wk m q  and mq  are fluid thermal conductivity, the wall shear stress, the wall couple 

stress, the surface heat flux and the surface mass flux , respectively as given  
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By substituting Eq. (15) into Eq. (14), we obtain the reduced skin friction coefficient 1/2Rex fC  , the 

local Nusselt number 1/2Rex xNu  and the local Sherwood number 1/2Rex xSh  as follow 
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3. Results and Discussion 
 

The nonlinear ordinary differential equations in Eqs. (9)-(12) accompanying the boundary 
equations in Eq. (13) are solved numerically with assistance of bvp4c solver in MATLAB software. This 
method has been widely used by several researchers in solving fluid flow and heat transfer problems, 
for example by Zaimi and Ishak [12], Yusof et al., [13], Yashkun et al., [14], Kamal et al., [15], and 
Ferdows et al., [16]. For the purpose of obtaining the mathematical results, we have fixed the values 

of several parameters 1 21, Pr 7, 1, 0.78, 0.1, 0.2, 2K M N Sc S             and 0m  . 

Numerical results were obtained for different values ,Cr  and Q  in order to see their influence on 

the flow field and the quantities of physical interest in the presents study. Table 1 elucidates the 

values of  0  and  0   highlighted in the paper by Srinivasacharya and Upendar [5], and 

Khashi’ie et al., [7] for different values of M  for 

1 2Pr 1, 0.1, 0.2, 0K N Sc S m              and 25   in Eqs. (9)-(13). The 

comparison is drawn by neglecting the heat source and chemical reaction effects (by setting 0Q 

and 0Cr  in Eqs. (11)-(12)). The comparison is in excellent agreement and leads to the confidence 
of the present numerical results to be reported further. Further, Tables 2 and 3 tabulated the values 

of  0f  ,  0g ,  0  and  0  for different values of Cr  and Q when 

1, Pr 7, 1K M N       , 0.78,Sc 
1 20.1, 0.2   , 2, 0S m   and 2   . 
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Table 1 

Comparison values of  0  and  0  for different values of M  for 

1 2Pr 1, 0.1, 0.2, 0K N Sc S m              and 25   in the absent of heat source and 

chemical reaction effects  0, 0Q Cr   

 Khashi’ie  
et al., [7] 

Srinivasacharya & 
Upendar [5] 

Present 
result 

Khashi’ie et 
al., [7] 

Srinivasacharya & 
Upendar [5] 

Present 
result 

𝑀  −𝜃′(0)   −𝜙′(0)  
0 0.62576 0.62289 0.625761 0.28162 0.28042 0.281625 
0.5   0.589294   0.258241 
1 0.55941 0.55703 0.559410 0.23958 0.23895 0.239576 
1.5   0.534243   0.224371 
2 0.51257 0.51043 0.512573 0.21172 0.21176 0.211721 
2.5   0.493592   0.201000 
3   0.476742   0.191774 
3.5   0.461623   0.183728 
4   0.447938   0.176634 
4.5   0.435460   0.170320 
5   0.424013   0.164654 
10   0.344640   0.128504 

 
Table 2 

The values of  0f  ,  0g ,  0  and  0  for different values of Q  when

1 21, Pr 7, 1, 0.78, 0.1, 0.2, 2, 0K M N Sc Cr S m               and 2    

𝑄 𝑓″(0) 𝑔′(0) −𝜃′(0) −𝜙′(0) 
0 2.003328 -1.051363 8.319752 -0.936619 
0.1 2.020590 -1.052411 8.871766 -0.906988 
0.2 2.056005 -1.054243 10.171305 -0.855729 
0.3 2.117810 -1.057211 12.587756 -0.776629 
0.4 2.208256 -1.061485 16.251232 -0.672434 

 
Table 3 

The values of  0f  ,  0g ,  0  and  0  for different values of Cr  when

1 21, Pr 7, 1, 0.78, 0.1, 0.2, 2, 0K M N Sc Q S m               and 2    

𝐶𝑟 𝑓″(0) 𝑔′(0) −𝜃′(0) −𝜙′(0) 
0 1.937599 -1.040979 8.424528 -0.779911 
0.1 2.020590 -1.052411 8.871766 -0.906988 
0.2 2.104432 -1.064297 9.224810 -1.049855 
0.3 2.190522 -1.076744 9.512989 -1.209996 
0.4 2.279882 -1.089842 9.754033 -1.389385 

 

Influences of heat source Q on fluid velocity  f  , temperature     and concentration 

   are demonstrated in Figures 2-4. From Figure 2, it is seems that the fluid velocity is increased 

as the values of the heat source parameter Q arises. This trend is obtained because heat source 

increases the momentum boundary layer thickness as portrayed in Figure 2. 
The impact of the heat source parameter on the fluid temperature is elucidated in Figure 3. It is 

concluded that the temperature and the thermal boundary layer thickness decrease when the heat 
source arises. 
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Fig. 2. The velocity profile  f   for different values of Q with 1   ,

1 21, Pr 7, 0.78, 0.1, 0.2, 2, 0K M N Sc Cr S m            

and 2    

 

 
Fig. 3. The temperature profile     for different values of Q with 1   , 

𝐾 = 𝑀 = 𝑁 = 1,𝑃𝑟 =7, 𝑆𝑐 = 0.78, 𝛿1 = 𝐶𝑟 = 0.1, 𝛿2 = 0.2, 𝑆 = 2,𝑚 = 0 
and 2    

 
From Figure 4, it is observed that an increase in the heat source parameter creates a reduction in 

the fluid concentration. This situation happens due to the heat source effect which leads to the 
reduction in the concentration boundary layer thickness by increasing the values of Q . 
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Fig. 4. The concentration profile    for different values of Q with 

1   , 𝐾 = 𝑀 = 𝑁 = 1, 𝑃𝑟 =7, 𝑆𝑐 = 0.78, 𝛿1 = 𝐶𝑟 = 0.1, 𝛿2 =

0.2, 𝑆 = 2,𝑚 = 0 and 2    

 

Figures 5–7 display the variation of  0f  ,  0  and  0  with stretching/shrinking 

parameter   for different values of Cr  for the opposing flow  1   , respectively. The critical 

values of   denoted by c  for 0,0.1Q   and 0.3  are 2.3305, 2.2617c    and 2.1643  in a way 

that the similarity solution of ODEs in Eqs. (9)-(13) exists. 

It is clear in Figure 5 that the heat source effect increases the velocity gradient  0f  and as a 

result, the skin friction coefficient along the surface of the vertical sheet increases. This phenomenon 
occurs because of the increased rate of velocity with the heat source parameter. This finding is 
consistent with the graph presented in Figure 2. 
 

 
Fig. 5. Variation of  0f   with  for different values of Q with 1   , 

𝐾 = 𝑀 = 𝑁 = 1, 𝑃𝑟 =7, 𝑆𝑐 = 0.78, 𝛿1 = 𝐶𝑟 = 0.1, 𝛿2 = 0.2, 𝑆 = 2,𝑚 =
0 
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Figure 6 is sketched to see the effect of the heat source on the temperature gradient  0  . 

Imposing the heat source effect leads to an increase in the temperature gradient  0   and in turn 

increasing the local Nusselt number which represents the heat transfer rate at the surface. 

On the other hand, the magnitude of the concentration gradient  0  is reduced by imposing 

the heat source effect as illustrated in Figure 7. These findings Figures 5-7 are supported by the values 

of  0f  ,  0  and  0  presented in Table 2. 

 

 
Fig. 6. Variation of  0  with  for different values of Q with 1   , 

𝐾 = 𝑀 = 𝑁 = 1,𝑃𝑟 =7, 𝑆𝑐 = 0.78, 𝛿1 = 𝐶𝑟 = 0.1, 𝛿2 = 0.2, 𝑆 = 2,𝑚 = 0 
 

 
Fig. 7. Variation of  0  with  for different values of Q with 1   , 

𝐾 = 𝑀 = 𝑁 = 1,𝑃𝑟 =7, 𝑆𝑐 = 0.78, 𝛿1 = 𝐶𝑟 = 0.1, 𝛿2 = 0.2, 𝑆 = 2,𝑚 = 0 
 

Figures 8-10 are drawn to investigate the influence of the chemical reaction parameter Cr  on 

the profiles of velocity  f  , temperature     and concentration     of the fluid, respectively. 

Similar to heat source effect on velocity, it is found that the rise in the value of the chemical reaction 
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has increased the velocity of the fluid as shown in Figure 8. This phenomenon occurs as the 
momentum boundary layer thickness becomes thinner as the chemical reaction effect is imposed in 
the flow and in turn increases the value of the velocity gradient at the surface. As a result, the skin 
friction coefficient at the surface increases as can be seen in Figure 11. 
 

 
Fig. 8. The velocity profile  f   for different values Cr of with 1   , 

𝐾 = 𝑀 = 𝑁 = 1, 𝑃𝑟 =7, 𝑆𝑐 = 0.78, 𝛿1 = 𝑄 = 0.1, 𝛿2 = 0.2, 𝑆 = 2,𝑚 = 0 
and 2    

 

 
Fig. 9. The temperature profile     for different values Cr of with 1  

, 𝐾 = 𝑀 = 𝑁 = 1, 𝑃𝑟 =7, 𝑆𝑐 = 0.78, 𝛿1 = 𝑄 = 0.1, 𝛿2 = 0.2, 𝑆 = 2,𝑚 = 0 
and 2    
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Fig. 10. The concentration profile     for different values Cr of with 

1   , 𝐾 = 𝑀 = 𝑁 = 1, 𝑃𝑟 =7, 𝑆𝑐 = 0.78, 𝛿1 = 𝑄 = 0.1, 𝛿2 = 0.2, 𝑆 =
2,𝑚 = 0 and 2    

 
The curves of the temperature profile for some values of Cr are shown in Figure 9. It can be 

assured that the increasing chemical reaction strength has decreased the dimensionless 
temperature. As the consequence, the thermal boundary layer thickness decreases and hence 
enhances the heat transfer rate at the surface as depicted in Figure 12. 

The influence of the chemical reaction on the concentration profile is delineated in Figure 10. It 
can be noted that imposing chemical reaction leads to an additional heat to the fluid flow and hence 
enhances the concentration as portrayed in Figure 10. 

Figures 11-13 are plotted in order to see the impacts of the chemical reaction parameter on the 

velocity gradient at the surface,  0f  , the temperature gradient at the surface,  0  and the 

concentration gradient at the surface,  0 . These Figures 11-13 are directly representing the skin 

friction coefficient, the local Nusselt number and the local Sherwood number, respectively. 
It is observed that as the chemical reaction parameter increases, the skin friction coefficient, the 

local Nusselt number and the magnitude of the local Sherwood number increase. This is because as 
the chemical reaction parameter increases, the velocity and concentration increase (see Figures 8 & 
10) while the temperature act in the opposite manner (see Figure 9). As a result, the skin friction, 
heat, and mass transfer at the surface are enhanced by way of imposing the chemical reaction 
parameter as illustrated in Figures 11-13. Finally, it is important to highlight that all the velocity, 
temperature and concentration distributions are presented in Figures 2-4 and Figures 8-10 satisfy the 
far field boundary conditions in Eq. (13) asymptotically and indirectly leading to the confidence to 
the present numerical results obtained. 
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Fig. 11. Variation of  0f   with  for different values of Cr with 1   , 

𝐾 = 𝑀 = 𝑁 = 1,𝑃𝑟 =7, 𝑆𝑐 = 0.78, 𝛿1 = 𝑄 = 0.1, 𝛿2 = 0.2, 𝑆 = 2,𝑚 = 0 
 

 
Fig. 12. Variation of  0   with  for different values of Cr with 1   , 

𝐾 = 𝑀 = 𝑁 = 1,𝑃𝑟 =7, 𝑆𝑐 = 0.78, 𝛿1 = 𝑄 = 0.1, 𝛿2 = 0.2, 𝑆 = 2,𝑚 = 0 
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Fig. 13. Variation of  0  with  for different values of Cr with 1   , 

𝐾 = 𝑀 = 𝑁 = 1,𝑃𝑟 =7, 𝑆𝑐 = 0.78, 𝛿1 = 𝑄 = 0.1, 𝛿2 = 0.2, 𝑆 = 2,𝑚 = 0 

 
4. Conclusions 
 

A steady MHD micropolar fluid flow on double stratification over a permeable a 
stretching/shrinking vertical sheet with the existence of chemical reaction and heat source effects 
are studied. The investigations have been conducted numerically by using bvp4c solver in MATLAB 
software. The present numerical results have also been compared with the published work for limited 
case and the comparison are in good agreement. The major outcomes of the present study are as 
follows 
 

i. Fluid velocity increases while both the temperature and concentration decrease due to the 
heat source effect. 

ii. Both velocity and concentration of the fluids increase with the increasing of chemical reaction 
parameter while the fluid temperature acts in the opposite behavior. 

iii. The skin friction coefficient and local Nusselt number which represent the heat transfer rate 
at the surface are enhanced in the presence of the chemical reaction and heat source effect. 

iv. In contrast, the magnitude of the Sherwood number which represents the mass transfer rate 
at the surface decreases as the heat source parameter arises while it increases with the 
chemical reaction effect. 
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