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ABSTRACT 

We investigated the mixed convection boundary layer flow over a permeable surface embedded in a porous medium, filled with a 
nanofluid and subjected to thermal radiation, magnetohydrodynamics (MHD) and internal heat generation. The nanofluid consists 
of water (H2O) as the base fluid and nanoparticles such as copper (Cu), aluminium oxide (Al2O3) and titanium dioxide (TiO2). The 
governing system nonlinear partial differential equations is transformed into a set of ordinary differential equations using a 
similarity transformation, which are then solved numerically for various parameter values. The numerical solutions are obtained 
using the shooting technique method and bvp4c method, via MAPLE and MATLAB, respectively. Our findings revealed that the 
velocity distribution decreases with the shrinking parameter, while the presence of nanoparticles enhances the respective profiles. 
The velocity profiles were also observed to exhibit mixed patterns influenced by magnetic, radiation, and suction parameters. 
Further, the solutions bifurcated into two branches prior to the shrinking parameter. A stability analysis is performed to determine 
the stability of the solutions between two branches. We thoroughly discussed the characteristics of the respective solutions and 
their stability in detail.  
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1. Introduction 
 

A comprehensive understanding of flow and heat transfer through permeable surfaces holds 
significant potential for various technological and engineering applications, including wire drawing, 
glass-fiber and paper productions, insulation design, among others. Over the past four decades, 
extensive research has been conducted to improve the thermal efficiency, leading to energy savings 
and cost reductions in various manufacturing processes. Among the various methods explored, 
nanofluids were first introduced by Choi and Eastman [1] in 1995, where they dispersed nanometer-
sized particles in a base fluid. Their findings revealed that nanoparticles effectively disrupt nanoscale 
particles, leading to increased thermal transmittance rate. Subsequently, the implementation of 
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nanofluids in industrial cooling, as initiated by Routbort et al., [2] in 2008, showed promise in 
achieving emission reductions and energy savings. Nanofluids have demonstrated the potential to 
conserve significant amounts of energy in the U.S. industries, with the electric power sector alone 
capable of liberating 1.055 × 1015 joule of energy when nanofluids are employed in closed-loop 
cooling cycles. Additionally, the use of nanofluids has been associated with substantial reductions in 
emissions of NO, CO2 and SO2 [3].  

Numerous studies have explored the impact of nanofluids on heat transfer rates in various 
contexts. For instance, Hosseini et al., [4] analysed nanofluid flow in a microchannel heat sink with a 
magnetic field, while Maleki et al., [5] investigated nanofluid flow over a porous plate considering 
slip and radiation. Du et al., [6] experimented with CuO/water nanofluid in a geothermal heat 
exchanger, observing a remarkable 40% increase in heat transfer rate and a 20% improvement in the 
heat load-to-pumping power ratio. Further investigations by Saffarian et al., [7] demonstrated that 
the addition of nanofluids enhances heat transfer rates, with CuO nanofluids showing the highest 
performance in terms of heat transfer coefficient and Nusselt number. Recent contributions by 
authors such as Kumar and Sonawane [8], Sheikoleslami [9], Sheikholeslami and Vajravelu [10], 
Bahmani et al., [11], Nazari et al., [12], and Jung and Park [13] have further advanced our 
understanding in this field. 

Moreover, Routbort et al., [2] started a project in 2008 by employing nanofluids in industrial 
cooling that would develop emission reductions and energy savings. The application of nanofluids in 
heating and cooling water has the potential to conserve 1.055 × 1015 joule of energy The analysis of 
nanofluid in a microchannel heat sink with magnetic field is studied by Hosseini et al., [4], while 
Maleki et al., [5] explored the study of nanofluid flow over a porous plate with slip and radiation. Du 
et al., [6] experimented a nanofluid of CuO/water in geothermal heat exchanger, where their study 
observed an increase in heat transfer rate nearly by 40% and the heat load-to-pumping power ratio 
improved by 20%.  Saffarian et al., [7] later reported in their work that the addition of nanofluids 
increases the heat transfer rate, where CuO at 4% by the wavy collector shows the highest 
performance in heat transfer coefficient and Nusselt number. Recently, several authors such as 
Kumar and Sonawane [8], Sheikholeslami [9], Sheikholeslami and Vajravelu [10], Bahmani et al., [11], 
Nazari et al., [12] and Jung and Park [13]. 

Porous media, consisting of solid materials with pore structures filled with fluid, play a crucial role 
in material sciences. The properties of porous media vary based on the internal organization of the 
pores. Research on fluid flow through porous media has become increasingly relevant in applications 
such as nuclear waste disposal, inkjet printing, energy conversion storage, and oil recovery systems. 
Barnoon and Toghraie [14] investigated the laminar flow of non-Newtonian nanofluids in a porous 
medium, discovering that nanofluid velocity increases with the thicknesses of the porous layer. 
Additionally, Hassan et al., [15] observed increased heat transfer rates with the addition of 
nanoparticles to the fluid, while Ahmad et al., [16] concluded that the porosity of the medium 
elevates the dimensionless streamwise velocity. Subsequent studies by Hayat et al., [17] explored 
the influence of variable characteristics in unsteady flow of nanofluids past a porous medium. Recent 
works by Haq et al., [18], Liu et al., [19], Nazari et al., [20], Shah et al., [21], Siavashi et al., [22], and 
Habibishandiz and Saghir [23] have further advanced our understanding of nanofluid flow imbedded 
in a porous medium.  

Further, internal heat generation occurs where heat is uniformly generated throughout the 
material at a constant rate, such as when heat is generated through metals or electrical conductors 
due to passage of current. Benefits of internal heat generation vary especially in science and 
technological industries, including chemically reactant systems, nuclear reactors and current carrying 
conductor. Chamkha and Aly [24] studied a natural convection nanofluid flow over a vertical plate 
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with heat generation and absorption, where the local skin friction coefficient proves to be improved 
with heat generation parameter. A previous work of heat generation and absorption on nanofluid 
flow with convective boundary conditions and was reported by Alsaedi et al., [25], while Mahmoudi 
et al., [26] explored the nanofluid flow in a cavity with entropy generation, heat 
generation/absorption and magnetic field. Hosseini et al., [27] investigated the nanofluid flow in a 
heated porous microchannel with entropy generation and heat generation and additionally, the 
effects of heat generation and viscous dissipation on Ag/water nanofluid flow past a Riga plate was 
reported by Mishra and Kumar [28]. Further analysis of internal heat generation in nanofluid flow has 
been studied successfully by Akinshilo [29], Alzahrani et al., [30], Ali et al., [31], Abdulkadhim et al., 
[32], Ferdows [33] and Elbashbeshy et al., [34]. 

On the other hand, mixed convection problem in a porous medium has also been widely studied 
as reported by Merkin [35], Chamkha [36], Yasin et al., [37], just to name a few. At the same time, an 
adequate understanding of radiative heat transfer in flow processes is very important in engineering 
and industry fields. Thermal radiation can be explained as electromagnetic radiation generated by 
the thermal motion of charged particles in matter. Thermal radiation effects are extremely important 
in the flow processes involving high temperature because thermal radiation can significantly affect 
the heat transfer and the temperature distribution in the boundary layer flow of participating fluids 
when the temperatures are high. To achieve a better control on the rate of cooling, considerable 
efforts have been made in recent years and among other methods, it has been proposed as it may 
be advantageous to alter the kinematics flow in such a way as to ensure the solidification at the 
slower rate. Meanwhile, the concept of magnetohydrodynamics or MHD is that magnetic fields can 
induce currents in a moving conductive fluid, which in turn creates forces on the fluid and changes 
the magnetic field itself. Studies on thermal radiation and MHD effects on mixed convection are still 
limited, but had been successfully reported by several authors such as Chamkha and Ben-Nakhi [38], 
Aydin and Kaya [39], Shateyi et al., [40], Makinde [41] and others. 

The principal aim of this study is to evaluate the MHD mixed convection boundary layer flow past 
a permeable surface in a porous medium filled with a nanofluid with thermal radiation and internal 
heat generation effects, while the basic fluid being water. Three types of nanoparticles namely Cu 
(copper), Al2O3 (aluminium) and TiO2 (titanium) are considered in this research.  By applying the 
similarity transformation technique, we transform the governing PDEs into a system of ODEs. We 
then employ the shooting method implemented in MAPLE and bvp4c solver in MATLAB to obtain the 
numerical results. The results are then presented in the form of figures and tables, providing a 
comprehensive visual representation of the findings. Further, a stability analysis is performed to 
determine the stability of the dual solutions obtained. Overall, this study aims to contribute to the 
understanding of the combined effects of mixed convection and internal heat generation on 
nanofluid flow embedded in a porous medium. 

 
2. Mathematical Modelling 

 
In this study, we consider a steady mixed convection boundary layer flow over a permeable 

surface, passing a vertical semi-infinite plate embedded in a porous medium filled with a nanofluid. 
Additionally, the presence of thermal radiation and MHD is accounted for as depicted in Figure 1. 
Following the model proposed by Tiwari and Das [42], the governing equations for the system are 
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Fig. 1. Physical diagram of the flow model 
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In the above equations, u and v represent the velocity components along the x and y-axes, 

respectively. The variable g denotes the acceleration due to gravity; K stands for the porous medium 
permeability, T is nanofluid temperature, and 𝜑 represents the nanoparticle volume fraction. 
Additionally, the properties 𝜇, 𝛽, 𝜌 and 𝛼 are dynamic viscosity, thermal expansion coefficient, fluid 
density and thermal diffusivity, respective, where the subscripts of f, nf and s refer to the fluid, 
nanofluid, and solid phases. Another respective variable is 𝐵0, which represents the magnetic field, 
and q  denotes the internal heat generation, while 𝑞𝑟 is the radiative heat flux. Prior to applying 

Rosseland’s approximation for radiation [43],  

we express  
44

3 *
r

T
q

k y

− 
=


  

where   is Stefan Boltzmann constant and *k  is mean absorption coefficient.  
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Considering that the differences in temperature within the flow are sufficiently small, we can express 
𝑇4 ≈ 4𝑇∞

3𝑇 − 3𝑇∞
4 as a linear function of temperature T using a truncated Taylor series about the 

free stream temperature T . This approximation allows us to simplify Eq. (3) into 
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Following Oztop and Abu-Nada [44], the physical properties of nanofluids can be stated as 
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where pC  is capacitance of heat. The respective similarity variables now can be introduced to 
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Here,   is similarity variable, xPe  is local Peclet number for the porous medium, and   is stream 

function which defined by /=  u y  and /= − v x . By substituting Eq. (7) into Eq. (1), (2) and 

(5), we obtain the following system of ordinary differential equations as: 
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prior to the reduced form of boundary conditions at 
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where the respective parameters of 𝜆, M, Rd, Q and S denote to mixed convection, magnetic, 
radiation, internal heat generation and suction, which is defined by 
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The representative of   correspond to an assisting flow or heated plate when 𝜆 > 0, whereas 
𝜆 < 0 represents opposing flow/cooled flow, and 𝜆 = 0 is forced convection flow. Prior to the 
characteristics of porous medium, the combination of Eq. (8) and (9) arises from the extended Darcy 
law that applied to the two phases, leading to the following expression 
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Another significant physical quantity of practical interest in this study is skin friction coefficient 𝐶𝑓, as 

it defines the understanding and analysing fluid flow behaviours over surfaces. Skin friction 
coefficient represents the frictional force per unit area acting on the surface of an object immersed 
in a fluid flow. Since 𝐶𝑓 quantifies the drag or resistance by the surface, hence, understanding the 

skin friction coefficient is vital in many engineering and scientific contexts. We now introduce 𝐶𝑓 in 

terms of in terms of dimensionless wall shear stress (0)f   as  

 

2
,



 

= w
f

f

C
U

                                (14) 
 

where 𝜏𝑤 is the skin friction of the shear stress at the plate surface, which is given by 
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By substituting Eq. (7) in Eq. (14)-(15), we finally get: 
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3. Results and Discussions 
 

The numerical solutions for the governing ordinary differential equations in Eq. (12) are 
computed using the shooting technique method, while considering the boundary conditions specified 
in Eq. (13). The results obtained from this analysis facilitate a comprehensive parametric study, 
exploring the effects of various parameters involved, such as mixed convection parameter , 
nanoparticle volume fraction parameter  , magnetic parameter M, radiation parameter Rd, and 

suction parameter S. The study investigates the performance of three types of nanoparticles, namely 
Cu (copper), Al2O3 (aluminium oxide) and TiO2 (titanium dioxide), in the presence of internal heat 
generation. For accurate simulations, the physical properties of both fluid and nanoparticles are listed 
in Table 1.  

To assess the reliability of our findings, we compare the values of skin friction coefficient 
1

(1−𝜑)2.5
𝑓″(0) with those reported by Ahmad and Pop [45] in Table 2. Our comparison exhibits 

excellent agreement, instilling confidence in the accuracy of the numerical results obtained in this 
study. 

 
Table 1 
Physical properties of fluid and selected nanoparticles 

Physical Properties Fluid Cu Al2O3 TiO2 

Cp (J/kg K) 4179 385 765 686.2 
P (kg/m3) 997.1 8933 3970 4250 
k (W/m K) 0.613 400 40 8.9538 
β×10-5 (1/K) 21 1.67 0.85 0.9 

 
Table 2  

Comparison for values of 
2.5

1
(0)

(1 )
f




−
 

 λ Present Ahmad and Pop [45] 

First Branch of 

Solution 

Second Branch of 

Solution 

First Branch of 

Solution 

Second Branch of 

Solution 

-1.10 0.461049 0.001942 0.46105 0.00194 
-1.15 0.449074 0.008658 0.44907 0.00866 
-1.20 0.430151 0.022185 0.43015 0.02218 
-1.25 0.401524 0.045390 0.40152 0.04539 
-1.30 0.356638 0.084871 0.35664 0.08487 
-1.35 0.257581 0.178558 0.25758 0.17856 

Considering Cu-water and 𝜑 = 𝑀 = 𝑅𝑑 = 𝑄 = 𝑆 = 0.0 

 

In this present study, the values of skin friction coefficient for three types of nanoparticles are 
shown in detail in Figure 2 where a non-unique solution is observed within the range of 𝜆 < 0. This 
non-unique solution causes the bifurcation of branches, resulting in two solutions known as the first 
and second solutions (or first and second branches). The critical value of the solution, denoted as 𝜆𝑐, 
corresponds to the peak of this bifurcation. From Figure 2, the skin friction coefficient of Cu-water 
bifurcates within the range of −3.61722 < 𝜆 < 0, followed by the Al2O3-water at −4.02518 < 𝜆 <
0 and TiO2-water where the range of   is −4.01312 < 𝜆 < 0. Figure 3 presents a plot of skin friction 
coefficients of Cu-water against several values of the radiation parameter Rd. As depicted in Figure 
2, we observe the occurrence of dual solutions for specific ranges of  , when Rd is increased. It is 
noticed that the heat transmittance de-escalates as Rd increases, which can be explained by the 
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decreasing amount of mean absorption coefficient resulting in less degree of heat transfer rate and 
this implies that the Rd has the effect of expanding the boundary layer separation.   

Variation values of mixed convection parameter 𝜆 against velocity profiles 𝑓 ′(𝜂) is presented in 
Figure 4 while other parameters are constant. Three types of nanoparticles are considered in the 
analysis, and it is clearly seen that both solutions decrease when 𝜆 increases. This phenomenon is 
attributed to a significant temperature gradient, which impacts the buoyancy level and directly 
influences the fluid convection. Initially, buoyancy forces drive the fluid flow by possessing a 
favourable temperature gradient. However, as the temperature rises, both thickness of the boundary 

layer and temperature profile decline. Figure 5 then plotted 𝑓 ′(𝜂) with the parameter of nanoparticle 
volume fraction  , where it is observed that all solutions increase. The reason behind this 

phenomenon is the development of viscous forces and resistance in the nanofluid was triggered by 
each additional number of  , hence improves the heat transfer rate.   

 

 
Fig. 2. Skin friction coefficients √2𝑃𝑒𝑥𝐶𝑓 against three types of 

nanoparticles 
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Fig. 3. Skin friction coefficients √2𝑃𝑒𝑥𝐶𝑓 of Cu-water against Rd 

 

 
Fig. 4. Velocity profiles 𝑓 ′(𝜂) against 𝜆 
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Fig. 5. Velocity profiles 𝑓 ′(𝜂) against 𝜑 

 
In our investigation into the effects of magnetic parameter M and radiation parameter Rd on 

velocity profiles 𝑓 ′(𝜂), we held other parameters at constant values. Two key figures, Figures 6 and 

7, were used to depict the outcomes of these parameters on the function 𝑓 ′(𝜂). The influence of M 

on 𝑓 ′(𝜂) evidently shows that the boundary layer thickness behaved differently in the first and 
second solutions. This discrepancy indicates that M has a significant impact on the boundary layer, 
causing different velocity profiles depending on its value. On the other hand, Figure 7 demonstrates 
the effects of Rd and the first solution showed an increase in the boundary layer thickness, while the 
second solution exhibited a decrement. These findings suggest that Rd has a contrasting effect on 
the thickness of boundary layer compared to M. We then explored the effects of suction parameter 

S on 𝑓 ′(𝜂), as represented in Figure 8. The results were quite distinct: as the value of S increased, the 
boundary layer thickness increased in the first solution and decreased in the second solution. This 
implies that S has a profound impact on the motion of the nanoparticle, leading to changes in the 
velocity gradient at the surface. Moreover, suction was observed to trigger buoyancy forces, causing 
the heated fluid to move towards the wall. This phenomenon created a delay in velocity gradients, 
resulting in a mixed performance for both profiles. In essence, suction played a crucial role in 
accelerating the motion of nanoparticles. 
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Fig. 6. Velocity profiles 𝑓 ′(𝜂) against M 

 

 
Fig. 7. Velocity profiles 𝑓 ′(𝜂) against Rd 
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Fig. 8. Velocity profiles 𝑓 ′(𝜂) against S 

 

4. Flow of Stability Analysis 
4.1 Modelling of Stability Analysis 
 

Stability analysis is conducted to distinguish the realizable physical solution between two 
branches of solutions associated with the mixed convection 𝜆. To assess this condition, Weidman et 
al., [46] and Merkin [47] proposed employing Eq. (2)-(4) in an unsteady state while keeping Eq. (1) 
constant. Prior to this, a new dimensionless time variable in the form of 𝜏 is introduced along with 
the similarity variables in Eq. (7) 
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where t represents time. In general cases, steady flow occurs when the flow parameters at any 
point in the fluid remain constant over time. However, unsteady flow can occur when the flow 
parameters, such as velocity, pressure, and density, are time-dependent and subjected to time-
varying boundary conditions, oscillatory motions, or transient disturbances, see Bakar et al., [48]. 
Thus, with the consideration of our unsteady mathematical models and Eq. (17), we have 
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It is worth mentioning that Eq. (18) and (19) can be combined to give a single equation as follows: 
 

( ) ( ) ( )

( ) ( ) ( )

3 3 4 3 4
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3 3 3 3 3

4 2 2 3
2.5 2.5 2.5

3 2 2 2
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4
1 1 1 0,

3
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−

    
− − + − − + −

      

    
− − + − − + − + − =
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              (20) 
 

where ( ) ( )
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                           (21) 
 

We test the solution stability of ( ) ( )0f f =  and ( ) ( )0   =  to satisfy the boundary value 

problems by adopting [46] [47] 
 

( ) ( ) ( ) ( ) ( ) ( )0 0, , , , , .f f e F e G            − −= + = +
                (22) 

 

where   is the growth or decay rate of disturbances and also known as the unknown eigenvalue. 

The solutions of eigenvalue give an infinite set of eigenvalues 1 2 ...   , signifying the growth or 

decay rate of a disturbance. Eigenvalues play a pivotal role in discerning the stability of a fixed point 
within a solution. If a solution’s fixed point is stable and subjected to initial disturbances, it will 
eventually return to its original position and remain there [49] [50]. By substituting Eq. (22) into Eq. 
(20), we finally get: 
 

( ) ( ) ( ) ( )

( ) ( ) ( )

2.5 2.5 2.5 2.5

0

2.5 2.5 2.5

0 0 0 0 0

4 4 4
1 1 1 1

3 3 3

1 1 1 1 1 0,
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f F M f F M B G
                   (23) 

 
along with the boundary conditions: 
 

( ) ( )

( )

0 0

0

0 0,   0 0,

0 as . 

= =

 = →

F F

F
                            (24) 

 
Later, Harris et al., [51] emphasized that the condition of 𝐹′(𝜂) → 0 in Eq. (24) has been set at 

rest and replaced with the condition of 𝐹″(𝜂) = 1 as 𝜂 → ∞.  
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 4.2 Smallest Eigenvalue 𝛾 
 
Since there are dual solutions in certain range of parameters, we performed a stability analysis to 

identify which solution is stable between two solutions by finding the smallest eigenvalue  . The 

values of eigenvalue as in Eq. (24) subjected to the boundary conditions in Eq. (25) were programmed 
numerically via bvp4c function in MATLAB. Table 3 shows the smallest eigenvalue   for selected 

values of Rd while Table 4 listed the smallest eigenvalue   for various values of  . From these two 

tables, it is clearly seen that a series of positive amounts are observed in all first branch of solution, 
while the second solution is distinguished to be in a series of negative numbers as can be noticed in 
these two tables. Thus, from the definition of eigenvalue  , a firm conclusion can be drawn as the 

first branch is stable and the second solution is unstable. 
 

Table 3  
Smallest eigenvalue 𝛾 against Rd and 𝜆  

Rd   First Solution (Upper Branch) Second Solution (Lower Branch) 

 
0.1 

-1.4 0.5777 -1.8361 
-1.5 0.5760 -1.5418 
-1.6 0.5742 -1.2135 

 
0.3 

-1.4 0.6472 -1.8475 
-1.5 0.3375 -1.5527 
-1.6 0.2253 -1.2138 

 
Table 4  
Smallest eigenvalue 𝛾 against 𝝋 and 𝜆 


   First Solution (Upper Branch) Second Solution (Lower Branch) 

 
0.2 

-1.4 1.0829 -1.3229 
-1.5 0.9991 -1.2249 
-1.6 0.9269 -1.1589 

 
0.3 

-1.4 1.1319 -0.9862 
-1.5 0.9908 -0.9767 
-1.6 0.8649 -0.9657 

 
5. Conclusions 
 

The study presents a numerical analysis and detailed discussion of the stability analysis on mixed 
convection boundary layer flow over a permeable surface embedded in a porous medium filled with 
a nanofluid, considering the presence of internal heat generation, MHD, and thermal radiation. We 
investigate the impact of various parameters, such as mixed convection parameter, nanoparticle 
volume fraction, magnetic parameter, radiation parameter, and suction parameter on the flow field. 
The results show the flow field is significantly influenced by these parameters, especially with the 
nanoparticle fraction. The increasing amount of percentage of each nanoparticle clearly exhibits a 
great improvement in both solutions of velocity profiles. For the three types of nanoparticles, it is 
observed that the boundary layer starts to separate faster for Al2O3 and TiO2, which have similar 
characteristics, and followed by Cu. In cases where certain parameter ranges lead to dual solutions, 
a stability analysis was conducted to determine the stability of these solutions. It was found that the 
first solution initiates decay of disturbances, while the second solution initiates growth of 
disturbances. Consequently, it is concluded that the first solution is stable compared to the second 
solution. 
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