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Bacterial infections continue to pose a significant challenge to public health 
especially in clean drinking water production. Hence, it is crucial to have effective 
methods for their elimination. The successful deactivation of bacteria like E. coli 
through emerging sonic means depends on the identification of their resonant 
frequencies. However, the conventional approach of determining these 
frequencies through labor-intensive physical experimentation can be both time-
consuming and expensive. This article introduces an innovative approach to 
determining the resonant frequency of E. coli using a specifically designed 
tensegrity model that incorporates spectral element formulation. This model, 
which conforms to the shape of E. coli, enables the calculation of resonant 
frequencies without the need for time-consuming simulations of element 
sensitivity. To address the challenges associated with rigid body motion, a small 
incremental operation is employed to compute the system determinant. The 
resonant frequencies obtained from the model are shown to align excellently 
with existing experimental findings. Furthermore, the model reveals that 
alterations in the geometry of E. coli have a substantial impact on the frequency 
of deactivation, while other parameters such as density have less influence. The 
proposed tensegrity model is a potent technique that can rapidly and accurately 
identify resonant frequencies, thereby enabling instantaneous and more efficient 
bacterial deactivation, especially during periods of health emergencies.  
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1. Introduction 
 

Ensuring the security and purity of drinking water is of paramount significance for the 
fundamental viability of the global population. The presence of numerous illnesses resulting from 
water pollution caused by bacteria, viruses, and yeasts poses significant risks to human well-being, 
particularly in nations lacking adequate water purification infrastructure. Hence, antimicrobial 
activity has long been one of the chief concerns in food processing and water treatment events [1-
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5]. Traditional approaches to water treatment in physical, chemical, or biological forms all exhibit 
distinct drawbacks [6-12]. For instance, techniques such as coagulation, aeration, and adsorption 
have been utilized to eliminate contaminants or microorganisms from water. The coagulation 
method involves the use of hazardous coagulants like ferric chloride, aluminum sulfate, poly 
aluminum chloride, poly ferric sulfate, etc., thereby posing a significant threat to water quality. The 
aeration approach is more challenging compared to coagulation and adsorption due to the utilization 
of sequencing batch reactors, which is time-consuming. Although the adsorption technique is 
preferred, it raises concerns about its long-term impact due to the use of toxic synthetic materials 
[6]. The utilization of chemicals in water treatment adds an extra burden to the management of their 
residuals before consumption. Hence, numerous alternatives have been suggested and continuously 
enhanced to address these deficiencies. 

It has been revealed through academic research that the emerging method of sonification has 
exhibited numerous positive outcomes in the purification instances of bacterial and viral processes. 
This technique has proven effective in various fields including biomedicine, chemical production, 
consumables, energy collection and examination, beverages, and the environment, particularly in 
areas where maintaining clean and disinfected surroundings is of utmost significance [13,14]. 
Sonication is the process of disintegrating bacterial cells via the application of acoustic waves. The 
acoustic waves induce pressure fluctuations in the liquid medium that harbors the bacteria, thus 
subjecting the bacterial cells to mechanical strain. This mechanical strain can result in impairment of 
the cell membrane, leading to the disintegration or dissolution of the bacterial cell walls.  

Typically, this process is carried out in a sonicator, a device that generates high-frequency 
acoustic waves in a liquid medium containing the bacteria. The utilization of sonication boasts several 
advantages compared to alternative methods of cell lysis, such as enhanced yields, efficient cell 
disintegration, and the ability to process substantial quantities of samples. In a diverse array of liquid 
or semi-solid samples, including food, water, and biological fluids, sonication can serve as an effective 
approach for deactivating bacteria. The technique has been extensively used in the cleaning of 
medical laboratory instruments as well as food and drink processing equipment while proven 
beneficial in the deactivation of microorganisms, such as Escherichia coli [15], mycobacterium sp. 
[16], klebsiella pneumonia [15], bacillus subtilis [17,18], Enterobacter aerogenes [17,19], 
Aureobasidium pullulans [17], and Microcystis aeruginosa [20], to name but a few. 

Although the method of sonication is highly appealing and to some extent successful, the task of 
determining the appropriate frequency to deactivate the microbes or diseased cells through 
experimental trials has proven to be both laborious and time-consuming. Additionally, there is a lack 
of consensus among various studies regarding whether low or high frequencies are more effective in 
neutralizing these organisms. To resolve this conflict, a well-informed and systematic approach is 
required to identify the feasible and efficient frequency range. This issue can be narrowed down by 
employing a numerical or modeling approach. To achieve this, it is imperative to acquire a proficient 
modeling technique that possesses comprehensive knowledge in accurately characterizing the 
mechanics of bacteria or viruses. 

The utilization of the tensegrity model is an efficient method for effectively illustrating the 
mechanical operations of microorganisms in a simplified fashion. The mechano-function represents 
the manner, in which micro living entities perceive external forces and organize themselves through 
modifications in intracellular biochemistry and gene expression. These reactions are then manifested 
through changes in their physical forms and mechanical responses [21]. The cellular tensegrity model 
works essentially based on a complementary alliance between the pretension forces in the living 
cytoskeleton that are balanced by tensile forces of the contractile actomyosin filaments, both sets of 
forces of which are counteracted by the intracellular contractile structures. Recent developments in 
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research have demonstrated the impressive potential of tensegrity models in simulating various 
mechanical phenomena observed in cells [14], for instance, cell migration, cell spreading, mechano-
sensation, cell detachment, etc. [22]. 

Observing the ability to offer an accurate description of the tiny living bodies in various aspects, 
the tensegrity model is, therefore, employed in the current work for determining the resonant 
frequency of E. coli. By using this model, it is possible to determine the resonant frequency of E. coli. 
The calculated resonant frequency can then be used to narrow down the range necessary for 
deactivating E. coli using the sonication apparatus. Additionally, the proposed tensegrity model 
minimizes complexity as well as improves efficiency in terms of time, budget, and effort. This is 
especially beneficial during parametric investigations, where variations in bacteria geometry and 
material composition need to be considered due to their dynamic nature and uncertainties in 
characterization. 
 
2. Methodology  
2.1 Geometrical and Mechanical Descriptions 
 

The single cell of E. coli is a complex biological entity that contains multiple constituents. Its 
principal elements consist of the cell wall, plasma membrane, cytoplasm, capsular wall, nucleoid, pili, 
ribosome, and flagellum. To construct the tensegrity model, the primary geometric details required 
are the length, diameter, and skin thickness of the cell, which is assumed to possess a rod-like shape 
measured from the outer capsular wall to the plasma membranes. The mechanical characterization 
of E. coli cells involves the consideration of the overall Young’s modulus and density. The relevant 
geometrical and material properties for the tensegrity model are summarized in Table 1. Figure 1 
illustrates the adopted tensegrity model used to simulate the E. coli cell, which is based on the triplex 
variant. The tensegrity model comprises 12 members, including 3 rods to withstand compressive 
forces, as well as top and bottom sets of triangulated 6 cables and 3 vertically inclined cables on the 
outer side to handle tensile forces. 

Note that r and Eg in Table 1 are global properties measured for the whole E. coli cell. Tensegrity 
is a lattice-like structure [23-25], consisting of cables that resist tension and rods that handle 
compression. Its global properties are initially transformed into those of corresponding individual 
members. Subsequently, these properties are utilized to specify the material traits of the members 
within the tensegrity system. For brevity, Young’s modulus and density of a member in the tensegrity 
model can be denoted, respectively, as: 
 
𝐸! = "

#
$%!&'
()√+,-.

, and               (1) 

 
𝜌! = /

01
                (2) 

  
where A is the areal cross-section of each member. The coordinates of tensegrity can be determined 
using the following. 
 
x-coordinates: 
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y-coordinates: 
 

𝑦 = %0 𝑟	𝑠𝑖𝑛 ,$
#
- −𝑟	𝑠𝑖𝑛 ,$

#
-				𝑟	𝑐𝑜𝑠 ,$

#
- −𝑟 𝑟	𝑐𝑜𝑠 ,$

#
-1
2

        (4) 
  
z-coordinates: 
 
𝑧 = {0 0 0				ℎ ℎ ℎ}2               (5) 
 

Table 1 
Geometrical and material properties of E. coli 
Property Value Reference  
Length, h [µm] 0.3-6.0 [26-30]  
Radius, r [µm] 0.25-1.0 [28,31,32]  
Skin thickness, t [nm] 2-6 [33]  
Density, r [g/mL] 0.19-1.1843 [34-36]  
Young’s modulus, Eg [MPa] 0.12-150 [33,37,38]  

 

 
Fig. 1. (a) Schematized E. coli (b) Its tensegrity model 

 
2.2 Spectral Element Formulation 
 

The formulation of the tensegrity members displayed in Figure 1 is established by utilizing the 
spectral element technique. It has been selected due to its superiority over the finite element 
approach (FEA) when it comes to assessing the resonant frequency of a structure. FEA does not cover 
all important high-frequency wave modes unless a large number of elements is utilized through fine 
discretization. This limitation arises from its formulation, which relies on the frequency of 
independent polynomial shape functions employed [39-42]. Consequently, its accuracy is 
compromised, particularly at high frequencies characterized by short relevant wavelengths. 
 
2.3 Governing Equation (Weak Form) 
 

The governing equation for the frequency domain in its weak form is expressed as: 
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∫ 𝛿𝑊[−𝜔+𝜌𝐴𝑊 −𝑁3𝑊" − 𝐹(𝑥)]𝑑𝑥
4
5 = 0            (6) 

  
Integrating by parts leads the weak form to, 
 
∫ [−𝜔+𝜌𝐴𝑊𝛿𝑊 +𝑁3𝑊′𝛿𝑊′]𝑑𝑥
4
5 − 𝛿𝑊𝑄(𝑥)|54 − ∫ 𝛿𝑊𝐹(𝑥)𝑑𝑥4

5 = 0.        (7) 
  
2.3.1 Spectral element equation 
 

Substituting the dynamic shape functions into Eq. (7) yields, 
 
%∫ [−𝜔+𝜌𝐴𝑁2𝑁 + 𝑁3𝑁′2𝑁′]𝑑𝑥

4
5 1 𝑑 = (𝑓6 + 𝑓7), from which       (8) 

  
𝑓7 = ∫ 𝐹(𝑥)𝑁2(𝑥; 𝜔)𝑑𝑥4

5               (9) 
  
and fc is the spectral nodal forces vector, 
  
𝑓 = {𝑄0 𝑄+}2 = {−𝑄(0) 𝑄(𝐿)}2.                    (10) 
  
The one-element spectral equation from Eq. (8) can be expressed as: 
 
𝑆(𝜔)𝑑 = 𝑓(𝜔)                                    (11) 
  
where, 
 
𝑆(𝜔) = ∫ [−𝜔+𝜌𝐴𝑁2𝑁 + 𝑁3𝑁′2𝑁′]𝑑𝑥

4
5 , whereas:                   (12) 

  
𝑓(𝜔) = 𝑓6(𝜔) + 𝑓7(𝜔).                                  (13) 
  

The spectral element is written as: 
 

𝑆(𝜔) = 	 L𝑆00 𝑆0+
𝑆+0 𝑆++

M                                   (14) 

 
where, 
 
𝑆89 =	−𝑁3𝛼89 − 𝜔+𝜌𝐴𝛽89,   i, j = 1, 2, with                                 (15) 
  

𝛼00 =	
):"#,:##.4
(<#=<")#

,   𝛼0+ =	𝛼+0 =	
=)<#:"#,<":##.4

(<#=<")#
,   𝛼++ =	

=)<##:"#,<"#:##.4
(<#=<")#

,   

𝛽00 =	
)<"#,<##.4
(<#=<")#

,   𝛽0+ =	𝛽+0 =	
=(<",<#)4
(<#=<")#

,   𝛽++ =	
+4

(<#=<")#
, by noting that:                (16) 

  
𝑒8 = 𝑒=8:$4	,			𝑖, 𝑗	 = 	1, 2 and                                   (17) 
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𝑘0,+ =	±𝜔W
/(
@%

                                    (18) 

 
2.4 Coordinates Transformation and Assembly 
 

The conversion of the matrix equation of the spectral element from local to global definitions is 
executed by utilizing the coordinate transformation matrix [43-45], in which the overall system is 
represented as: 
 
𝑆̅(𝜔)�̅� = 𝑓(̅𝜔), from which                      (19) 
  
𝑆̅(𝜔) = 𝑇2𝑆(𝜔)𝑇                                    (20) 
  
where �̅� and 𝑓(̅𝜔)are the transformed displacement and force vectors, respectively. And, the 
spectral elemental matrix can be written as: 
 

𝑆(𝜔) =

⎣
⎢
⎢
⎢
⎢
⎡
0 0 0
0 𝑆00 0
0 0 0

0 0 0
0 𝑆0+ 0
0 0 0

0 0 0
0 𝑆+0 0
0 0 0

0 0 0
0 𝑆++ 0
0 0 0⎦

⎥
⎥
⎥
⎥
⎤

                                  (21) 

  
and the transformation matrix [T] is, 
 

𝑇 =

⎣
⎢
⎢
⎢
⎢
⎡
𝑟0 𝑟+ 𝑟#		
𝑠0 𝑠+ 𝑠#		
𝑡0 𝑡+ 𝑡#		

0 0 0
0 0 0
0 0 0

0 0 0
0 0 0
0 0 0

𝑟- 𝑟A 𝑟1		
𝑠- 𝑠A 𝑠1		
𝑡- 𝑡A 𝑡1		⎦

⎥
⎥
⎥
⎥
⎤

                                   (22) 

  
where ri, si, and ti are the directional cosines of the local degrees of freedom relating to the global 
coordinate system [46]. The assembly of Eq. (19) for each member is carried out by matching the 
number of degrees of freedom in the global coordinate system as: 
 
𝑆B(𝜔)𝑑B = 𝑓B(𝜔)                                    (23) 
  

The natural frequencies of the model are computed by prescribing the determinant of the global 
system to zero. 
 
|𝑆B(𝜔)| = 0                                     (24) 
  
A tensegrity global dynamic matrix system tends to singularity to satisfy Eq. (24) such that the 
common determinant calculation method can be problematic. Thus, a small incremental operation 
proposed by Wittrick and Williams [47] to obtain the system determinant that tends to zero is 
employed. 
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3. Results  
3.1 Verification 
 

The formulated and constructed tensegrity model is first used to compute the first natural 
frequency that induces resonance. This calculation is based on the geometrical and material 
specifications obtained from relevant literature sources. A subset of the real component of the 
determinant of SG(w) vs. frequency plot is presented in Figure 2 for E. coli studied by Li et al., [48]. 
The resonant frequency, fres, for the examined E. coli is attained from the frequency that locates the 
first pointy valley in the figure, i.e., fres = 20 kHz. Table 2 lists the determined frequencies by the 
present tensegrity model vs. those of references [26,48,29]. It is evident that the resonant frequency 
utilized to deactivate various strains of E. coli, as observed in the available literature, can be 
accurately predicted by the present model. The level of agreement is excellent. Hence, the 
effectiveness of the tensegrity model is demonstrated. 
 

 
Fig. 2. Determinant of SG(w) vs frequency 

 
Table 2 
Verification of present tensegrity model with references 
Existing work, fres (kHz) Current determination, fres (kHz) Difference (%) 
20.0 [48] 20.0 0.0 
20.0 [49] 20.0 0.0 
30.0 [26] 30.02 0.7 

 
3.2 Parametric Examination 
 

The properties of E. coli cells exhibit significant variability across different sources, as evident by 
the data in Table 1. Consequently, it is valuable to interpret the resonant frequencies in a parametric 
manner, with a focus on the upper and lower bounds derived from the existing literature. An analysis 
of variance (ANOVA) [50,51] has been conducted for the lengths, radii, and densities obtained from 
these sources. Given that numerous studies consistently report an approximate global Young’s 
modulus of 25 MPa for the cells, this parameter has been held constant. 

From ANOVA, it is found that the resonant frequencies are significantly affected by the E. coli 
radius, r, but slightly influenced by its density, with P-values of 0.000 (<0.001) and 0.074 (<0.1), 
respectively. The squared radius term, r2, contributes significantly also (P-values = 0.000 < 0.001) 
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while two-way interaction barely offers any significant effect (P-values > 0.1). The regressed equation 
to predict the influence of various factors takes the following form. 
 
f = 227619 + 4773h - 454497r - 27.8r  - 210hr - 4.63hr + 2.1rr + 19h2 + 254229r2 + 0.0141r2              (25) 
  

Figure 3 unveils the accuracy of the predicted f, fpred, using Eq. (25) vs. f generated from varying 
h, r, and r, fdata, using the tensegrity model with R2 of 0.931. Hence, a good agreement can be attained 
such that the regressed Eq. (25) can be used to predict the f of E. coli. 
 

 
Fig. 3. f predicted (Eq. (25)) vs f determined from the  
tensegrity model 

 
The effects of varying multiple factors (h, r, and r) on f, with one of the terms being fixed, can be 

observed in Figures 4 to 6. The ranges from Table 1 have been restricted to h = 0.3-4 µm, r = 0.25 -1 
µm, r = 190-1184.3 fg/µm3. Figures 4, 5, and 6 display graphs that demonstrate how the resonant 
frequency, f, of E. coli changes in relation to the geometric parameters h (height), r (radius), and the 
density ρ. Each figure contains three subplots (a, b, c) that show these relationships under different 
fixed conditions, allowing for an examination of each factor’s impact both independently and in 
conjunction with others.  

Figure 4 shows the relationship of the resonant frequency and the parameters h and ρ, with r 
kept as constants. The displayed plots in all three subplots exhibit a relatively flat configuration, i.e., 
f undergoes negligible alterations as h and ρ vary. This implies that within the examined ranges, h 
and ρ have limited impact on f when r is fixed. It is worth noting that as r increases from subplot (a) 
to (c), the resonant frequency surfaces remain largely flat, emphasizing the dominant role of r over 
h and ρ. The nearly horizontal planes further suggest that alterations in height h and density ρ are 
not sufficient to cause significant changes in the resonant frequency under fixed radius conditions.  

The relationship between f, r, and ρ is illustrated in Figure 5, with h maintained at 0.3 μm (a), 2.15 
μm (b), and 4 μm (c). The results demonstrate an inverse correlation between r and f across all 
graphs. The surfaces demonstrate a more pronounced gradient along the r axis, particularly at higher 
r values, highlighting the great impact of radius on the characterization of resonant frequency. The 
subtle fluctuations along the ρ axis further imply that density exerts a less pronounced effect on f 
when h is held constant. The rapid decline in f concomitant with an increase in r is consistent with 
theoretical predictions for resonant systems. 
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(a)    (b) 

 

 
(c) 

Fig. 4. Variation in the resonant frequency of E. coli for changes in h and r at Eg = 25 MPa (a) r  
= 0.25 µm (b) r = 0.625 µm (c) r = 1 µm. Note: h in µm, r in fg/µm3, and f in Hz in the plots 

 

    
(a) (b) 

 

 
(c) 

Fig. 5. Variation in the resonant frequency of E. coli for changes in r and r at Eg = 25 MPa (a) h  
= 0.3 µm (b) h = 2.15 µm (c) h = 4 µm. Note: r in µm, r in fg/µm3, and f in Hz in the plots 
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(a)                  (b) 

 

 
(c) 

Fig. 6. Variation in the resonant frequency of E. coli for changes in r and h at Eg = 25 MPa (a) r 
= 190 fg/µm3 (b) r = 687.15 fg/µm3 (c) r = 1184.3 fg/µm3. Note: r and h in µm, and f in Hz in  
the plots  

 
Figure 6 presents f as a function of r and h, with ρ kept at 190 fg/μm3, 687.15 fg/μm3, and 1184.3 

fg/μm3. Consistent with Figure 5, a change in r leads to a reduction in f, thus exhibiting again the 
dominance of radius over both height h and density ρ. Nonetheless, in contrast to Figure 4 where h 
exhibited minimal influence, in this instance, h begins to demonstrate a more pronounced effect as 
ρ escalates, particularly in subplot (c). The interplay between r and h informs a rather distinctive 
surface configuration, wherein f diminishes with r, while the influence of h becomes increasingly 
relevant at elevated ρ values. This phenomenon indicates a possible interaction effect between 
height and density at higher ranges. 

It can be conclusively seen in Figures 4 to 6 that r is the chief variable affecting the vibrational 
characteristics of E. coli, whereas h and ρ do not substantially affect f. This observation helps in 
forming a better understanding of E. coli and its interactions in various environmental contexts. The 
interaction between r and other factors, particularly h at increased ρ values, warrants additional 
examination. This analysis highlights the great necessity of optimizing f at numerous E. coli radii in 
practical scenarios, whereas adjustments in accordance with h and ρ may offer avenues for 
refinement under specific circumstances. 

The primary influence of r on f can be extracted and observed in Figure 7. Again, h or r has 
comparatively little impact on the resonant frequency of E. coli. Besides, it can be inferred that r and 
r have an inverse correlation with f, even more so as affected by r. Although slightly influenced, f 
increases with h. 
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Fig. 7. Main effects of each factor on f 

 
4. Conclusions 
 

The spectral element formulation has been employed to numerically determine the resonant 
frequencies of E. coli with different geometrical and material properties using the tensegrity model. 
By comparing these frequencies with those reported in existing literature, it is verified that the model 
can accurately predict the resonant frequencies. ANOVA analysis reveals that the natural frequency 
of E. coli is significantly influenced by the geometrical parameter, specifically the cell radius. The 
density of the bacteria also contributes, albeit to a lesser extent. When the other parameters are 
held constant, a decrease in radius and density leads to an increase in the resonant frequency of E. 
coli, while an increase in height has a minimal effect. A response surface analysis has been conducted 
to develop a regressed equation that facilitates the prediction of the impact of various factors. It is 
again observed that the radius of E. coli has the most significant influence on the resonant frequency 
required to deactivate the bacteria. This current methodology has the potential to be extended to 
the treatment of other harmful bacteria in the context of drinking water, as well as the disinfection 
of medical and laboratory equipment. 
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