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Research on Newtonian fluids, a fundamental area in fluid flow studies, serves as a key 
reference for more complex models. The deformation of fluid structure due to the 
presence of solid particles in Newtonian fluids necessitates a detailed analysis. 
Conventional models are insufficient to describe such systems, as they are categorized 
as two-phase fluid flows. The study of two-phase systems (fluid and solid) has gained 
significant attention due to its wide applications in real-life scenarios, including air and 
water pollution, blood flow in arteries, and coolant flow in vehicle engines. This field's 
high potential has driven researchers to find effective solutions to these challenges. 
The two-phase model not only focuses on fluid flow but also accounts for the 
interaction between the fluid and solid particles. This study theoretically examines a 
modified model that considers fluid phase and dusty phase under mixed convection of 
Newtonian model. Using an appropriate similarity transformation, the governing 
partial differential equations are converted into ordinary differential equations. The 
Runge-Kutta-Fehlberg method, implemented in the Maple software, is used to solve 
the obtained equations numerically. The results for velocity and temperature 
distributions, along with skin friction, are presented. The study also explores various 
physical parameters, including mixed convection parameter, fluid-particle interaction 
parameter and mass concentration parameter for both phases. The findings reveal that 
the presence of dust particles significantly affects the velocity and temperature 
behavior of both phases. Specifically, increasing particle concentration leads to a 
reduction in fluid velocity and temperature distribution. 
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1. Introduction  
 

Fluid mechanics plays a vital role in various engineering and technological processes, 
encompassing the study of fluid behaviour in both static and dynamic conditions. A crucial subset of 
fluid dynamics is the investigation of the interaction of different categories of fluids with other 
substances and their behaviour under the influence of external forces. Among the fluid 
categorizations, Newtonian and non-Newtonian fluids stand out, differing apart by their distinct 
viscosity behavior.  

In Newtonian fluids, viscosity remains constant regardless of the applied forces, making them 
conducive to applications in processes such as industrial fluid transport, lubrication, and heat transfer 
fluids [1-3]. Another fluid classification is based on the phase of matter present in the fluid flow. This 
classification involves single-phase and multi-phase flow. A single phase consists of one phase, while 
a multi-phase flow involves multiple phases as one mixture [4]. Earlier literature focused on single 
phase flows, however, in recent times, multi-phase flows have gained significance as they accurately 
represent real-world scenarios compared to single phase [5].  

A common and essential form of multi-phase flow is the two-phase fluid flow, which involves 
combinations of liquid-liquid, liquid-solid or gas-liquid phases. Several works on multi-phase flow 
have been reported in literature. For instance, Khan et al [6] investigated gas–liquid two-phase flow 
regime identification in a horizontal pipe and concluded that dynamic pressure signals of different 
flow regimes show different characteristics. Interaction between non-Newtonian Williamson fluid 
and dust particles were analyzed by Kasim et al [7]. They observed that Williamson fluid contributed 
to an increase in skin friction in flow regime.  

More Interesting works on MHD and multi-phase flow can be found in established reports [8-14]. 
While numerous studies have investigated the behavior of Newtonian fluids and their interactions 
with external factors [15–20], there is a notable lack of research directly comparing the dynamics of 
dust-free Newtonian fluids to those containing dust particles under mixed convection conditions.  
This gap limits a comprehensive understanding of how dust particles influence the behavior of 
Newtonian fluids in such environments. To address this, the present study aims to mathematically 
analyze the impact of physical parameters on the Navier-Stokes equations governing both single-
phase and two-phase Newtonian fluids in a mixed convection setting. 
 
2. Methodology  
 

The investigated flow configuration involves a two-dimensional, laminar, incompressible, and 
steady boundary layer flow of two Newtonian fluids, one in fluid phase and the other is a mixture of 
fluid phase with dust particles. The dust particles were assumed to be small, spherical, and uniformly 
sized solids that do not dissolve in the fluid. Both fluid flow over a vertical stretching sheet with linear 
velocity ( is a positive constant) and subjected to an aligned magnetic field of strength  
applied at an acute angle  in the direction of the flow. Furthermore, a Newtonian heating condition 
is applied on the sheet. Under these assumptions, the governing equation for both fluids under 
boundary layer and Boussinesq approximations is as follows. 
 
Fluid phase 
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Dust phase 
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with boundary conditions 
 

                                                                                                (7) 

 
Applying the following variables to nondimensionalize the governing equations 
 

                                                                                                     (8) 

 
the governing equations become 
 
Fluid phase 
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Dust phase 
 

                                                                                                                                                      (12) 

 

                                                                                                                             (13) 

 

                                                                                                                         (14)

 
 
with the appropriate boundary conditions 
 

                                                                                                 (15) 

 

In Eq. (9)-(15),  is Prandtl number, is the fluid particle interaction 

parameter, is the magnetic field parameter, is the Newtonian heating conjugate 

parameter,  is the specific heat ratio of the mixture and is the mass concentration of 

the particles.  
Seeking similarity solution of the problem, we implement the similarity transformation defined 

as follows. 
 

                                                       (16) 
 

where is the similarity variable,  are respective dimensionless fluid velocity and dust 
particle velocity,  is the constant thermal buoyancy term. The following ordinary differential 
equations (14)-(16) are obtained by substituting Eq. (13) into (9)-(12). 
 

                                                                                                 (17) 
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                                                                                                                                                (20) 

 
with dimensionless boundary conditions 
 

                                                                      (21) 

 

Here, the prime symbol stands for derivative with respect to . is the mixed convection 

parameter,  is Grashof number and is Renold’s number. 

      
3. Results  
 

Equations (17) to (20) were solved using a numerical approach, specifically employing the Runge-
Kutta-Fehlberg method, which is a higher-order numerical technique known for its efficiency in 
solving ordinary differential equations (ODEs). This method was implemented using Maple Software, 
a powerful computational tool for symbolic and numerical analysis. To assess the effects of various 
parameters—such as fluid-particle interactions, magnetic fields, mixed convection, and particle 
concentration—on key flow characteristics like skin friction, velocity profiles, and temperature 
distributions, the system of equations was numerically integrated. These parameters play significant 
roles in determining the behavior of the fluid-particle mixture, affecting how momentum and heat 
are transferred within the flow. Before proceeding with the solutions, a validation process was 
carried out to ensure the accuracy and reliability of the current model. This step typically involves 
comparing the numerical results with known analytical solutions or benchmark data from previous 
studies. Validation is crucial for confirming that the model correctly represents the physical 
phenomena and that the numerical approach, including the chosen method and software, produces 
credible results under the specified conditions. This ensures the robustness of the model for further 
analysis of the effects of the varying parameters on the fluid-particle system. Table 1 and Figure 1 
provide a comparative representation of the skin friction results in the limiting case for different 
approaches. 

Table 1   
Comparative values of skin friction coefficient, −𝑓ʺ(0), for 
various values of  when 𝑁 = 𝛽 = 𝜆 = 0 , 𝛼! = 𝜋/2 ,  𝛾 = ∞ 
M Exact Equation Fathizadeh et al., [21] Present 
0 1.00000 1.00000 1.00048 
1 1.41421 1.41421 1.41422 
5 2.44949 2.44948 2.44949 
10 3.31662 3.31662 3.31662 
50 7.14143 7.14142 7.14143 
100 10.04988 10.04998 10.04988 
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Fig. 1. Comparative representation of the skin friction results 

 
These results offer a clear visualization of the variations in skin friction across the different 

methods under specific conditions, allowing for an in-depth comparison of the approaches and their 
effectiveness in capturing the limiting behavior of skin friction. The results are analyzed based on 
accuracy, consistency, and performance across the range of the constant value of magnetic field, M. 
The Present method demonstrates superior accuracy and consistency, matching the Exact Equation 
almost perfectly across all M. In 2013, Fathizadeh et al., [21] provides reliable results but shows 
slightly larger deviations, particularly at intermediate values of M. These results affirm the robustness 
and reliability of the present method as a computational tool for solving the respective problem. 
Therefore, the Runge-Kutta approach may be reckoned upon to be effective in resolving the dusty 
fluid flow problem. In this investigation we are interested to focus on behaviour of skin friction in the 
present of parameter Fluid-particle interaction parameter, , Magnetic field parameter, M, and 
Mixed convection parameter,  

Table 2   
Values of skin friction coefficient, , for various 
values of  when 𝑃𝑟 =7, 𝑏 = 0.001, 𝜆 = 0.5, 𝑁 =
0.5, 𝛾 = 0.1,𝑀 = 1 , 𝛼! = 𝜋/6 

  
0 -1.1202466 
1 -1.1381802 
5 -1.1902372 
10 -1.2247432 

 
Based on the result shown, it can be observed that the value of the skin friction, is 

decreasing with increase in the fluid particle interaction, . The strong interactions between fluid 
particles can reduce skin friction by promoting laminar flow, increasing viscosity, suppressing 
turbulence, and enhancing the flow's organization. These effects lead to a smoother, more controlled 
fluid interaction with the surface, reducing the drag and, therefore, the skin friction. Figures 2 and 3 
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illustrate the velocity distribution for both the fluid and dust phases. The data clearly indicate that 
strong interactions between the particles result in contrasting behaviors for the fluid and dust 
velocities. Specifically, as the interaction between particles intensifies, the velocity of the fluid 
decreases, while the velocity of the dust phase exhibits an opposite trend, increasing in response to 
the stronger particle interactions. This inverse relationship highlights the distinct dynamics of the 
fluid and dust phases under varying interaction conditions. 

Figures 4 and 5 illustrate the temperature profiles for the fluid and dust phases respectively. As 
 increases, the temperature profile for the dust phase increases, while that of the fluid phase 

decreases. This contrasting behavior can be attributed to the velocity relaxation time of the dust 
phase in response to an increase . 

When  increases, the dust phase becomes denser, leading to stronger particle-particle and 
particle-fluid interactions. These interactions increase the time required for the dust phase to reach 
equilibrium with the fluid phase, resulting in the accumulation of thermal energy within the dust 
phase and, consequently, an increase in its temperature profile. Conversely, for the fluid phase, the 
higher  extracts more energy from the fluid via momentum and thermal coupling. This energy 
transfer reduces the fluid's overall thermal energy, causing its temperature profile to decrease. The 
differences in how the two phases respond to increased  are thus closely tied to the dust phase's 
slower velocity relaxation and its ability to retain more heat in comparison to the fluid phase. 

 

 
Fig. 2. Velocity profile for fluid phase with various and 
𝑃𝑟 =7, 𝑏 = 0.001, 𝜆 = 0.5, 𝑁 = 0.5, 𝛾 = 0.1,𝑀 = 1, and 𝛼! =
𝜋/6 
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Fig. 3. Velocity profile for dust phase with various and 𝑃𝑟 =7, 𝑏 =
0.001, 𝜆 = 0.5, 𝑁 = 0.5, 𝛾 = 0.1,𝑀 = 1, and 𝛼! = 𝜋/6 

 

 
Fig. 4. Temperature profile for fluid phase with various and 
𝑃𝑟 =7, 𝑏 = 0.001, 𝜆 = 0.5, 𝑁 = 0.5, 𝛾 = 0.1,𝑀 = 1, and 𝛼! = 𝜋/6 
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Fig. 5. Velocity profile for dust phase with various and 
𝑃𝑟 =7, 𝑏 = 0.001, 𝜆 = 0.5, 𝑁 = 0.5, 𝛾 = 0.1,𝑀 = 1, and 𝛼! =
𝜋/6 

 
The values presented in Table 3 show the skin friction variations with different values of the mixed 

convection parameter,  As indicated by the data and the graph, the skin friction behaves in a rather 
unpredictable manner with no clear trend, especially as  increase. This unpredictability suggests a 
complex interaction between the fluid and solid phases under varying conditions of . While the skin 
friction does not follow a uniform pattern, it is essential to note that this non-uniform behavior could 
be attributed to changes in flow dynamics, energy dissipation, and boundary layer development, 
influenced by the . 

Table 3   
Values of skin friction coefficient, 𝑓ʺ(0), for various 
values of  when 𝑃𝑟 =7, 𝑏 = 1, 𝛼 = "

#
, 𝑁 = 0.5, 𝛾 =

0.01,𝑀 = 1, 𝛽 = 0.01  
𝜆 𝑓ʺ(0) 
0.0 -1.1202534 
0.2 -1.0627019 
5.0 -0.0248984 
10.0 -0.8847447 

 
The unpredictable trend in skin friction directly influences the velocity profiles of both the fluid 

and dust phases (refer Figure 6 and 7) due to the coupling between shear forces, flow dynamics, and 
momentum transfer within the boundary layer. Skin friction arises from the tangential shear stress 
at the surface, which governs how momentum is transferred between the solid boundary and the 
fluid-dust mixture. Variations in skin friction disrupt this momentum exchange, leading to 
irregularities in velocity distribution. Meanwhile the temperature profiles for both the fluid and dust 
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phases decrease with an increase in the  as shown in Figures 8 and 9. This behavior occurs because 
a higher  contributes to stronger influence of forced convection relative to natural convection. In 
forced convection-dominated flows, the fluid moves more rapidly, which reduces the time available 
for heat transfer between the surface and the surrounding fluid, leading to thinner thermal boundary 
layers. Consequently, the temperature gradients near the surface decrease, resulting in lower 
temperature profiles for both phases. Additionally, the dust phase, which depends on heat transfer 
from the fluid, mirrors this trend, as the reduced thermal energy in the fluid phase limits the heat 
available for transfer to the dust particles. This combined effect explains the observed decrease in 
temperature profiles with increasing  

 

 
Fig. 6. Velocity profile for fluid phase with various  and 𝑃𝑟 =7, 𝑏 = 1, 𝛼! =
"
#
, 𝑁 = 0.5, 𝛾 = 0.01,𝑀 = 1, and 𝛽 = 0.01 

 

 
Fig. 7. Velocity profile for dust phase with various  and 𝑃𝑟 =7, 𝑏 = 1, 𝛼! =
"
#
, 𝑁 = 0.5, 𝛾 = 0.01,𝑀 = 1, and 𝛽 = 0.01 
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Fig. 8. Temperature profile for fluid phase with various and 𝑃𝑟 =7, 𝑏 =
1, 𝛼! =

"
#
, 𝑁 = 0.5, 𝛾 = 0.01,𝑀 = 1, and 𝛽 = 0.01 

 
Fig. 9. Temperature profile for dust phase with various and 𝑃𝑟 =7, 𝑏 =
1, 𝛼! =

"
#
, 𝑁 = 0.5, 𝛾 = 0.01,𝑀 = 1, and 𝛽 = 0.01 
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As shown in Table 5, the value of skin friction decreases with an increasing in the mass 
concentration of the particle, N. This trend can be attributed to the factor of momentum dilution 
effect where the increasing N offer a higher concentration of dust particles into the fluid, effectively 
diluting the momentum transfer within the fluid phase while the dust particles absorb and dissipate 
energy from the fluid, reducing the shear stress at the wall and, consequently, lowering the skin 
friction. The trend of decreasing skin friction under larger N is also due to the reduction in Fluid Phase 
Dominance which caused in thicken the dust concentrations and reduce the relative influence of the 
fluid phase, weakening its ability to transfer momentum effectively through the boundary layer. This 
results in a lower velocity gradient near the surface, which corresponds to reduced skin friction. As 
N increases, the velocity profiles for both the fluid and dust phases decrease, as indicated in Figures 
10 and 11. This behavior is primarily due to the increased drag forces caused by stronger interactions 
between particles and between the fluid and particle phases, which decelerate both phases. 
Additionally, the presence of more particles enhances flow resistance, reducing the overall 
momentum transfer, particularly in the dust phase. Furthermore, the fluid phase loses momentum 
to the particle phase through interphase interactions, while the increased drag forces further 
slowdown the dust phase. These combined effects result in lower velocities for both phases as N 
increases. 

Table 5   
Values of skin friction coefficient, , for various values of  when 
𝑃𝑟 =7, 𝜆 = 0.8, 𝛼 = "

$
, 𝑏 = 0.001, 𝛾 = 0.01,𝑀 = 1, 𝛽 = 0.01  

  
0.01 -1.4141373 
10 -1.4486861 
100 -1.7290917 
1000 -3.4497396 

 
Figures 12 and Figures 13 show the variation of temperature profile for both phases with different 

values of . In Figure 12, it shows that the temperature profile for fluid phase decreases with an 
increase in N values. However, for the dust phase, increase values of  show increasing pattern for 
the temperature profile. 

(0)f ¢¢ N
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Fig. 10. Velocity profile for fluid phase with various  and 
𝑃𝑟 =7, 𝑏 = 0.001, 𝛼! =

"
$
, 𝜆 = 0.8, 𝛾 = 0.01,𝑀 = 1, and 

𝛽 = 0.01 
 

 
Fig. 11. Velocity profile for dust phase with various 𝑁and 
𝑃𝑟 =7, 𝑏 = 0.001, 𝛼! =

"
$
, 𝜆 = 0.8, 𝛾 = 0.01,𝑀 = 1, and 

𝛽 = 0.01 

N
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Fig. 12. Temperature profile for fluid phase with various 
𝑁and 𝑃𝑟 =7, 𝑏 = 0.001, 𝛼! =

"
$
, 𝜆 = 0.8, 𝛾 = 0.01,𝑀 = 1, 

and 𝛽 = 0.01 
 

 
Fig. 13. Temperature profile for dust phase with various 𝑁and 
𝑃𝑟 =7, 𝑏 = 0.001, 𝛼! =

"
$
, 𝜆 = 0.8, 𝛾 = 0.01,𝑀 = 1, and 𝛽 =

0.01 
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4. Conclusions 
 

This study provides an analysis of the behaviour of a Newtonian fluid and dust particles under 
mixed convection, focusing on skin friction, velocity profiles, and temperature distributions 
influenced by few significant parameters. The results reveal that fluid-particle interactions, magnetic 
fields, mixed convection effects, and particle concentration significantly affect the flow dynamics and 
thermal characteristics of the system. Key findings indicate that stronger fluid-particle interactions 
reduce fluid velocity and skin friction while enhancing dust phase velocity and temperature. 
Conversely, increased particle concentration lowers the velocities of both phases and reduces skin 
friction due to enhanced drag forces and momentum dilution. Mixed convection introduces complex 
variations in flow and thermal behaviour, emphasizing the interplay between natural and forced 
convection.  The robustness and accuracy of the present computational approach highlight its 
effectiveness in modelling such complex multiphase systems, offering valuable insights for 
applications in fluid mechanics and heat transfer. 
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