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Abstract – The Goursat partial differential equation is a second order hyperbolic equation that arises 

in several fields of study. Various numerical methods have been investigated by researchers for solving 

the Goursat problem such as Adomian Decomposition method, Sumudu Decomposition method, 

Arithmetic Mean scheme, Centroidal Mean Averaging scheme and Heronian Mean scheme. The 

purpose of this paper is to develop a new scheme associated with Newton-Cotes of order one for solving 

the derivative linear Goursat problem. The linear operators and Newton-Cotes of order one are utilized 

in developing the scheme. The approximation of the derivative term in the functional value plays a big 

role in providing a good numerical solution for the problem. The high level of accuracy obtained from 

the numerical experiments validates that the scheme is fit in solving the linear Goursat problem 

involving derivative term. The comparative study also proved that the scheme has provided a good 

approximate solution by presenting a better result compared to the results from previous studies. Hence, 

the accuracy level obtained from the numerical experiments validates the efficiency and reliability of 

the proposed scheme towards the Goursat problem involving derivative term. Copyright © 2016 

Penerbit Akademia Baru - All rights reserved. 

Keywords: Goursat problem, partial differential equation, numerical integration, accuracy, Newton-Cotes, finite 

difference formula 

1.0 INTRODUCTION 

The Goursat partial differential equation arises in various areas of applications, for example in 

science, physics and engineering. Several researchers have been introduced the Goursat 

equation as the basis of mathematical models such as in sonic barrier [1], trajectory generation 

for the N-trailer problem [2], gas dynamics [3], isotropic plate with a curvilinear hole [4] and 

van der Waals gas expansion [5]. 

In recent years, a rapid development in finding the approximation solution of the Goursat 

partial differential equation witnesses many new numerical methods. Some of the numerical 

methods such as Heronian Mean scheme [6-7], Centroidal Mean Averaging scheme [8] and the 

Arithmetic Mean scheme [9] have been discovered to investigate the efficiency of the scheme 

to the Goursat problem involving derivative term.  

The Newton-Cotes is a stabilized numerical approach for solving several classes of Goursat 

problems without derivative term; homogeneous and inhomogeneous linear problems, 
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homogeneous and inhomogeneous non-linear problems [8]. Hence, the Newton-Cotes formula 

will exhibits in a similar manner and gives significant contribution in qualitative and 

quantitative behaviours in the approximate solution when solving the Goursat problem 

involving derivative term.   

In this paper, we developed a new scheme associated with Newton-Cotes of order one and the 

accuracy of the scheme is analyzed by conducting the numerical experiments for two derivative 

Goursat problems. The aid from MATLAB 7.11.0 (R2010b) is very beneficial in calculating 

the exact solution and approximate solution at each grid point as well as the relative errors. The 

relative error will be used to describe the accuracy of the scheme. The accuracy of the scheme 

will be analyzed by finding the percentage error between the approximate solution and the 

exact solution. We would like to achieve the objectives of this study by presenting the 

development of the scheme, the computational results and the comparative study between the 

proposed scheme and the existing scheme from literature. 

2.0 METHODOLOGY 

2.1 Linear Operators  

The standard form of the Goursat problem is as follows [9]: 

byax

yhyuxgxu

uuuyxfu yxxy
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Two distinct linear operators involved are: 
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=     and   
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Ly
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Applying the linear operators (2) into the general Goursat problem (1) leads to, 

),,,,( yxyx uuuyxfLL =           (3) 

Let the inverse of the operators (2) defined as follows: 
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The contribution of inverse operators 
1−

yL  to the both sides of (3) yields,  

),,,,()],([ 11

yxyyyx uuuyxfLyxuLLL −− =         (5) 

Or equivalently,  

[ ] ),,,,()0,(),( 1

yxyx uuuyxfLxuyxuL −=−         (6) 

Simplifying (6) gives, 
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),,,,()0,(),( 1

yxyxx uuuyxfLxuLyxuL −=−         (7) 

The contribution of inverse operators 1−

xL  to the both sides of (7) yields,  

),,,,()0,(),( 1111

yxyxxxxx uuuyxfLLxuLLyxuLL −−−− +=        (8) 

The expression (8) is equivalent to, 

),,,,( )0,0(),0()0,(),( 11

yxyx uuuyxfLLuyuxuyxu −−+−+=       (9) 

Hence, the expression (9) in integral form can be written as follows: 
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2.2 Numerical Integration 

In order to investigate the efficiency of the numerical integration, a scheme associated with a 

numerical integration technique, Newton-Cotes of order one is introduced for solving the 

hyperbolic Goursat PDEs. The reliability of the numerical integration technique based on 

Newton-Cotes of order one in approximating the derivative terms 
xu  and yu  at several grid 

points will be investigated. Newton-Cotes of order one will provide less computation in 

developing the scheme because it only involves two endpoints. 

The Newton-Cotes of order one formula is as follows [10]:  

( ) ( ) ( )[ ]10
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xfxf
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+≈∫                    (11) 

Where h=(b – a), ax =0  is the lower limit and bx =1  is the upper limit. For simplicity, we let, 

),,,,(),( yx uuuyxfyxF =                    (12) 

Utilizing the Newton-Cotes of order one (11) on the double integral in (10) will leads to, 
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Then, substitute (13) into (10), 
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Substituting (12) into (14) yields,  
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Hence, the new scheme associated with Newton-Cotes of order one is written in (15).  

2.3 Finite Difference Formula 

We utilized the forward finite difference formula and backward finite difference formula to 

approximate the values of xu  at point ),( 00 yx , ),( 00 yhx +  and yu  at point ),( 00 yx , 

),( 00 hyx +  respectively. The forward difference formulas and backward difference formulas 

are stated in expression (16), (17), (18) and (19) as following: 
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These quantities are used to solved the derivative terms at several points in the grid as at point 

),( 00 yx , ),( 00 yhx +
 
and ),( 00 hyx + . 

2.4 Newton-Cotes of Order One 

We introduced the numerical integration technique, Newton-Cotes of order one to approximate 

the values of xu  at points ),( 00 hyx + . We also approximate yu  at points ),( 00 yhx + . 

Performing the similar technique used to develop the scheme, we discovered the approximation 

of the unknown value )   , ( 00 hyxu x +  as follows: 

( )
( )












+++++
+

=+

),(),,(),,(,,

),(),,(),,(,,

2

 ) , (  )   ,(

00000000

00000000

0000

hyxuhyxuhyxuhyxf

yxuyxuyxuyxfh

yxuhyxu

yx

yx

xx

              (20) 

In a similar manner, following is the approximation of the unknown value )  , ( 00 yhxu y + : 
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These quantities are used to solved the derivative terms at several points in the grid as at point 

),( 00 hyx +  and )  , ( 00 yhx + .  

2.5 Taylor Series Expansions 

From the scheme (15), the value of the function f evaluated at point ),( 00 hyhx ++  consists 

of the function of ),( 00 hyhxu ++ , ),( 00 hyhxux ++  and ),( 00 hyhxuy ++ . These three terms 

will be approximated by using Taylor series expansion. They are: 

),(),(),(),(),( 00

2

00000000 yxuhyxuhyxuyhxuhyhxu xy+−+++=++                (22) 

),(),(),( 000000 yhxhuyhxuhyhxu xyxx +++=++                   (23) 

),(),(),( 000000 hyxhuhyxuhyhxu xyyy +++=++                 (24) 

These quantitities are used to solved the derivative terms at point ),( 00 hyhx ++ in the grid. 

2.6 Relative Error 

In this study, two principal ways; the relative error and the average relative error are significant 

in validating the efficiency of the scheme.  

Definition 1.0: Let jiu , be the exact solution and jiU ,  be the approximate solution. The absolute 

error in the approximation of jiji uU ,, ≈  is defined as 
jiji Uu ,, − .  At every grid point in the 

discretized domain, the relative error is defined as the ratio of the absolute error where 
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The Definition 1.0 and Definition 2.0 will be used in computing the relative error and average 

relative error for the entire grid points. 
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3.0 RESULTS AND DISCUSSION 

3.1 Linear Derivative Goursat Problem 

Consider the following derivative Goursat problems. 

Case 1: 
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The analytical solution for Goursat problem (25) is yxeyxu +=),( .  

Case 2: 
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≤≤≤≤
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uyu
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The analytical solution for Goursat problem (26) is yxexyyxu ++−−= 1),( . A MATLAB 

program was developed for the derivative Goursat problem (25) and (26). In the next section, 

we present the relative errors at various grid points. The processes of finding an approximation 

solution for the linear derivative Goursat problem using the scheme utilizing the Newton-Cotes 

of order one appears to be complicated since it involves many computations. Hence, the 

complications of the processes are reduced with the aid from mathematical software, MATLAB 

7.11.0 (R2010b). An algorithm is developed as shown in Figure 1, 

 Let m be the grid points where 
( )

h

ab
m

−
=  . Let h be the grid size where h=0.0025, 0.005, 

0.025 and 0.05.  

Step 1: Find the given initial values of )0,(xu  and ),0( yu . 

Step 2: Find the given exact values of )0,(xu  and ),0( yu . 

Step 3: Compute: ( )),(),,(),,(,, 00000000 yxuyxuyxuyxf yx . 

Step 4: Compute: ( )),(),,(),,(,, 00000000 yhxuyhxuyhxuyhxf yx ++++ . 

Step 5: Compute: ( )),(),,(),,(,, 00000000 hyxuhyxuhyxuhyxf yx ++++ . 

Step 6: Compute: 

),(),(),(),(),( 00

2

00000000 yxuhyxuhyxuyhxuhyhxu xy+−+++=++ . 

Step 7: Compute: ),(),(),( 000000 yhxhuyhxuhyhxu xyxx +++=++ . 
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Step 8: Compute: ),(),(),( 000000 hyxhuyhxuhyhxu xyxy +++=++ . 

Step 9: Compute the scheme: 
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Step 10: Calculate the relative error between the approximate solution and the exact 

solution. 

Step 11: Calculate the average relative error at each grid size.  

Step 12: Repeat step 1 to 11 for i=1, 2, 3, ..., m and j=1, 2, 3, ..., m. 

Figure 1: The algorithm for solving the linear Goursat problem with derivative term. 

3.2 Accuracy Analysis  

The average relative error for the Goursat problem (25) is shown in Table 1. Table 2 shows the 

comparative study of the scheme (15) for the Goursat problem (25).    

Table 1: Average relative errors of the Goursat problem (25) at several grid sizes. 

Step size, h Average relative error 

0.0025 1.7785136e-007 

0.005 7.1043389e-007 

0.025 1.7563690e-005 

0.05 6.9241405e-005 

Table 2: Comparison of the average relative errors between Scheme (15) and Scheme (6). 

Step size, h Scheme (15) 
Nasir and Ismail [6] 

Average error, )(hE  of Arithmetic scheme 

0.005 7.1043389e-007 8.5495225e-004 

0.01 2.8339244e-006 1.7101055e-003 

0.02 1.1272606e-005 3.4209800e-003 

0.025 1.7563690e-005 4.2766835e-003 

The average relative error for the Goursat problem (26) is shown in Table 3. Table 4 shows the 

comparative study of the scheme (15) for the Goursat problem (26). 

Table 3: Average relative errors of the Goursat problem (26) at several grid sizes. 

Step size, h Average relative error 

0.0025 1.8728173e-007 

0.005 7.4780052e-007 

0.025 1.8423636e-005 

0.05 7.2277205e-005 
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Table 4: Comparison of the average relative errors between Scheme (15) and Scheme (7). 

Step size, 

h 
Scheme (15) 

Nasir & Ismail [7] 

Average error, )(hE  of Arithmetic scheme 

0.003 3.3437677e-007 1.002e-003 

0.006 1.3341132e-006 2.002e-003 

0.03 3.2662299e-005 9.934e-003 

0.06 1.2708051e-004 1.967e-002 

 

It is observed that the scheme (15) produces smaller average relative error compare to the 

schemes (6) and (7). 

4.0 CONCLUSION 

In this study, we have developed a new scheme associated with Newton-Cotes of order one. 

The accuracy of the scheme was tested by computing the relative errors and average relative 

errors between the numerical solutions and exact solutions. A good approximation of the 

scheme (15) indicates that the scheme provides a good accuracy. For the derivative linear 

Goursat problem (25) and (26), we have investigated the comparative study with the previous 

literature to support the accuracy analysis for the schemes. From the numerical results, both 

schemes are better than the previous scheme in the literature. The comparative results from 

Table 1 shows that the average relative error for Goursat problem (25) at 005.0=h  is 

7.1043389e-007 compared to the average relative error for the Aritmethic scheme that is 

8.5495225e-004. At Table 2, the average relative error for Goursat problem (26) at 003.0=h  

is 3.3437677e-007 and average relative error for the Aritmnetic scheme is 1.002e-003. 

Therefore, the scheme (15) is exceedingly accurate since the numerical solutions for the 

scheme (15) produces better results than the previous study. 
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