Journal of Advanced Research in Applied Sciences and Engineering Technology 22, Issue 1 (2021) 69-80

9
Journal of Advanced Research in Applied Al el
” Sciences and Engineering Technology Engneeing Tecnoca,

Journal homepage: www.akademiabaru.com/araset.html
ISSN: 2462-1943

Effects of Variable Thermal Conductivity and Grashof Number
on Non-Darcian Natural Convection Flow of Viscoelastic Fluids
with Non Linear Radiation and Dissipations

Karem Mahmoud Ewis®”

1 Department of Engineering Mathematics and Physics, Faculty of Engineering, Fayoum University, 63514 Fayoum, Egypt

ABSTRACT

Effects of variable thermal conductivity, porosity and Grashof number on natural convection of viscoelastic fluid flow and heat
transfer are studied and discussed. The nonlinear radiation and dissipations are taken into consideration. The fluid flows through
non-Darcy porous medium which lies between two heated vertical plates that are kept at constant, but different, temperatures.
High order accurate finite difference schemes are introduced to solve the governing equations. The coupled nonlinear differential
equations are linearized and iterations are used to approximate that linearized terms. The finite difference method transforms the
coupled linearized differential (momentum and energy) equations to a linear system of algebraic equations. An error analysis is
introduced by refinement of mesh size and comparisons with available previous results. Effects of fluid and heat parameters on the
velocity field, temperature, skin friction factor and Nusselt number are tabulated and plotted. The present results and comparisons
show that the numerical solution is of excellent agreement with previous analytical and numerical solution.
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1. Introduction

The exact and analytical solutions of complicated non-linear coupled differential equations are
difficult or impossible to be obtained. Hence, the numerical solutions with high accuracy are very
important tools to solve these problems. The non-linearity in momentum equations are raised
because of viscoelasticity and non-Darcian effects, while variable conductivity, radiation and
dissipation are sources of non-linearity in energy equation. The finite difference method (FDM) is
widely used to solve the linear and non-linear differential equations because of simplicity of this
method. The natural convection (with variable thermal conductivity) of viscoelastic fluids in
Forchheimer medium has many engineering applications such as fiber insulation, heat exchangers,
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nuclear reactors, solar devices, in polymer processing industries, petroleum reservoirs and food
industries. The natural convection of non-Newtonian fluids has been studied by many authors [1-11].
Rajagopal and Na [2] introduced a numerical solution for natural convection flow of Rivlin-Ericksen
fluid and heat transfer between parallel plates. They studied and computed the skin friction and
Nusselt number. Zibabakhsh and Domairy [3] used the homotopy analysis method for solving the
natural convection flow of a non-Newtonian fluid between two vertical flat plates. Kargar, and
Akbarzade [6] used the homotopy perturbation method (HPM) for the study of natural convection
flow of a non-Newtonian fluid between two vertical flat plates. Rashidi et al., [7] used the differential
transformation method (DTM) to solve the governing equations of natural convection flow of a third
grade non-Newtonian fluids. Murar [9] studied the natural convection flow in a vertical channel in
the presence of non-linear radiation and viscous dissipation. He used the finite difference method
(FDM) to solve the governing coupled equations. Siddiqa et al., [10] studied the natural convection
flow of a two-phase dusty non-Newtonian power law fluid along a vertical surface. The continuity,
momentum and energy equations are solved numerically with the aid of implicit finite difference
method (FDM). They studied and computed the skin friction and Nusselt number. The natural
convection flow in non-Darcy porous media past a vertical surface has been studied by Khani et al.,
[4]. They presented an analytic solution of governing equations of third grade viscoelastic fluid with
Darcy-Forchheimer model. Jyoti [11] used the homotopy analysis method (HAM) to study the third
grade fluid with natural heat convection between two vertical plates.

The nonlinear radiation effect on Newtonian and non-Newtonian fluids has been studied [12-
14]. Mushtaq et al., [12] introduced a numerical of non-linear radiation heat transfer for the flow of
an electrically conducting second grade fluid. Shooting method with fourth and fifth Runge-Kutta
integration has been used to solve the governing momentum and energy equations. Ahmed et al.,
[13] introduced a finite element investigation of the flow of a Newtonian fluid in dilating and
squeezing porous channel under the influence of non-linear thermal radiation. Ewis [17] introduced
a fourth order accurate finite difference method to solve the governing equations of non-linear
radiation and dissipation effects on natural convection flow of viscoelastic fluids between vertical
plates filled with Forchiemer-Darcy medium. The coupled nonlinear differential equations are
linearized and iterations are used to approximate that linearized terms. The finite difference method
transforms the coupled linearized differential (momentum and energy) equations to a linear system
of algebraic equations. Effects of parameters of fluid and heat on the velocity field, temperature,
skin friction factor and Nusselt number have been illustrated and discussed in Figures and Tables.
Ewis [18] introduced a second order accurate finite difference method to solve to solve the governing
equations of natural convection of non-Newtonian (Rivlin-Ericksen) fluid flow and heat transfer under
the influences of non-Darcy resistance force, constant pressure gradient, dissipation and radiation.
The novelty of Ewis [10] is to solve this problem between parallel plates channel instead of one plate.

The aim of present work is to study effects of variable thermal conductivity and Grashof number
on non-Darcian natural convection flow of viscoelastic fluids between vertical plates. Fourth order
accurate finite difference schemes are used to solve the coupled non-linear differential (momentum
and energy) equations. A Linearization technique is applied to transform the non-linear terms in
momentum and energy equations to linearized ones. The power of the present method of solution is
studied by an error analysis which is made via comparisons with available works. Iterations are used
up required accuracy. The Accuracy, convergence and stability of present results are satisfied by
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agreement of present results with available previous works. Skin friction and Nusselt number are
computed and compared with the previous works.

2. Basic Equations

Consider a natural convection with thermally variable conductivity and non-Newtonian fluid
flows in a Forchheimer medium between two vertically parallel plates as shown in Fig. 1. The two
stationary plates have different temperatures Ti (for left plate) and T, (for right plate) with 71 > T».
The fluid particles, frequently, rise near left plate but they fall near right plate due to their difference
in temperatures [2]. The flow is steady and laminar, where viscous dissipation and radiation effects
are taken into consideration.

Y,V
Gravity
X
Left plate Right plate
Porous/medium =
V(-h)=0 V(h)=0
T =T Th)=T,
2h

A
A4

Fig. 1. Channel Geometry and boundary conditions

Thus, the momentum and energy equations are written, respectively, as [2, 4, 14].

dav dv dv ) daV
ﬂdxz_pouodx"'(sﬂs[dx] dx2+po7/(r_Tm)g (1)
_ﬂv_@VZZO
kp kP
d (, dT dT dv )’ dv \?
—lk—|-p.C U, —+428.| — hadl
dx[ dx] Poe S gy ™ ﬂ{dx) ”’(dxj (2)
_dqr :0
dX
where,
k=k,[1+b,(T-T,)] (3)
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(4)

(5)

The boundary conditions are shown in Fig. 1 and they are written as:
V(-h)=V(h)=0 (6)
T(-h)=T,,T(h)=T,, —h<X<h (7)

To introduce a general solution for any case of dimensions and scales, the following quantities are
chosen [2, 4, 6].

_ 2 (; 2 2
Xzil V= V ’ 6=T Tml Trer ECZU—O; Pr :,u B _Ecpr; 5 ﬂQU ’ M _h
h U, L-T, T C,(T,-T) K, ph? kp
k, k” 2 h?(T,-T.
d sopUh g BN o 0T
MTT u uk, sy,

Under the above assumptions (Eqns. 4 and 5) and quantities, the dimensionless forms of governing
equations (1 and 2) with boundary conditions (6 and 7) are rewritten as

[1+65(de }d"—sd" MV—F.V*+G, 6=0 (8)
dx) |dx? dx
d doy, 4 d T,+1°do
dx[(l +09) dxj 3R, olx{{(rr_l)'g+ 2 } dx] (9)
—Psdgw[zg(dvj (dvn 0

dx dx dx
V(-1)=v(1)=0, 6(-1)=-(1)=0.5 (10)
where, -1<x<1

3. The Numerical Solution

A linearization technique is applied on the system of coupled non-linear ordinary differential
equations (8 and 9) as

2
1+65(d") 9V s & (MR oN+G 0=0 (11)
dx ) |dx dx
~ 4 ~ T,+1) |d% dv dv)’ |dv
1 S e 7 B 2YiB |~ 12 ke
{+b9+3Rd[(l'r 0+ 2 j}dx2+ {dx ({dx]}dx (12)

Hb+ AT, - )[(T )0+ j}de Prs}de 0
R, 2 dx dx
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where, bar notation refers to the iterated (linearized) terms which transform the system (8 and 9) to
a linearized one. These linearized equations (11 and 12) with boundary conditions (10) are solved for
the flow velocity and temperature using the fourth order finite difference method with an error
analysis. The finite domain of solution (-1 < x < 1) is divided into m-subintervals such that the mesh
size isA=2/m, with counter i=1, 2, 3, ..., m+1. The linearized system of coupled non-linear ordinary
differential equations (11 and 12) is transformed to system algebraic equations using the fourth order
difference schemes. The following fourth order schemes are obtained by Taylor's expansions of the
variable f (x) about point. x, = (i-1)A-1.

df; _ fi,—8f +8f. —f., Lot (13)
dx 12A
2
C:j Zi _Z fi, +16f, _120AI| +16f,,— fi, L0 (14)
X
%:—3f1—10f2+18f3—6f4+f5+0(A4) (15)
dx 12A
2
dd f22 :10f1—15f2—4;;;-214f4—6f5+ fe Lo (16)
X
d:in—l __ fn—4 +6 fn—3 _]:'Lszln—z +10 fn—l +3fn +0(A4) (17)
X
2
ddfgl _ f,—6f, , +14fniz—AA2r f,, +15f , +10f, oY (18)
X

There are two important fluid flow and heat transfer parameters because of their very
importance in the engineering applications, since they can be used to improve the shape and
efficiency of many equipment in aerodynamics. These quantities are the skin friction factor and
Nusselt number factor which are computed after solution the governing equations. The skin friction
factor at left plate is defined as [15]

—— (19)
PoVo

Nusselt number is defined as the ratio of the convective conduction to the pure molecular thermal

conductance [16]. Thus the Nusselt number at left plate may be written as

160 T3
N oo T (—dT) (20)
uL (Tl_TZ) 3k*k dXx X=—h
The dimensionless form of these factors are written as
R C
Cp =t “=[@} (21)
2 dx x=—1
N T S {dg} (22)
uL 3R, L +bO(-D)} )| dx |y q

Fourth order accurate schemes are applied on equations (21 and 22) to minimize round off errors in
computations. These schemes can be deduced by Taylor's expansion of independent variables (v and
) about x=-1. Thus, the dimensionless skin friction factor and Nusselt number of 4t order accurate
are rewritten as

C, = —25v, +48v, —36v, +16v, —3v, (23)
12A
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(24)

4 (2591 — 480, + 3606, —166, + 395]
N =1+
uL 3R, {l+ba,} 3A
4. Error Analysis

An error analysis is introduced by refinement of mesh size and comparisons with available
previous results. The iterated terms in governing coupled equations need iterations to achieve
convergence of the present work. Thus, a good initial guess is required to reach, fast and accurate
results. The previous works are used as an initial guess for linearized terms. For number of
subintervals m, we find that, the fourth order truncation error of the solution is O(2/m)*. Thus, the
FDM is a good method to verify the convergence and stability of the analytical and experimental
solutions. It is observed that, (5 to 80) iterations are required to achieve (10*- 10*?) round off error
such that number of subintervals (20 < m < 2000).

Table 1
Convergence of present results with relatively small parameters:
M=Fs=R,=06=1, T,= 5=1.25, P,=G,=0.1, E.=0.2, b=1.1.

v(x) (x)
m 20 200 2000 20 200 2000

X (4*=10"%) (4*=10%) (4*=1012) (4*=10%) (4*=108) (4*=1012)
-1 0 0 0 .5 .5 .5
-0.8 .0027671782 .0027671755 .0027671755 . 4304777493 . 4304780413 . 4304780413
-0.6 .0044796908 .0044796870 .0044796870 . 3571390943 . 3571396927 . 3571396927
-0.4 .0052501400 .0052501345 .0052501345 . 2794144189 . 2794153641 . 2794153640
-0.2 .0052003891 .0052003806 .0052003806 . 1965798522 . 1965811976 . 1965811975
0 .0044727062 .0044726929 .0044726929 . 1076918680 . 1076936882 . 1076936881
0.2 .0032462550 .0032462348 .0032462348 -.0114813410 .0114837470 . 0114837469
0.4 .0017616078 .0017615784 .0017615784 -.0938287143 -. 0938255384 -. 0938255386
0.6 .0003574696 .0003574297 .0003574297 -.2108620114 -. 2108577077 -.2108577079
0.8 -.000473674 -.000473724 -.000473724 -. 3437889669 -. 3437826904 -. 3437826906
1 0 0 0 -5 -5 -5

Table 2

Convergence of present results with relatively large parameters:

M=Fs=6=G,=10, P,=5=5, E.:=1, Tr=b=1.75, R4=1000.

v(x) (x)
m 20 200 2000 20 200 2000
X (4*=10%) (4'=10%) (4=10%2) (4*=10") (4*=10%) (A4'=102)
-1 0 0 0 0.5 0.5 0.5
-0.8 0.0808476124  0.0808453410 0.0808455455 | 0.5240452081 0.5240417472 0.5240419960
-0.6 0.1514407807 0.1514351189 0.1514356137 | 0.5385944968 0.5385881399 0.5385886337
-04 0.2111394810 0.2111285421 0.2111294954 | 0.5465961626 0.5465851797 0.5465859265
-0.2 0.2591880715 0.2591675687 0.2591693837 | 0.5503984552 0.5503763405 0.5503773646
0 0.2935965573  0.2935511106 0.2935551578 | 0.5517455166 0.5516964404 0.5516977299

0.2 0.3010509413 0.3010619700 0.3010772459 | 0.5528663412 0.5528680038 0.5528690678
0.4 0.2615663918 0.2619808921 0.2620073378 | 0.5600630284 0.5602722820 0.5602761229
0.6 0.1943157070 0.1949261314 0.1949601189 | 0.5776426305 0.5807035039 0.5807760365
0.8 0.1057583701 0.1063847465 0.1064216616 | 0.5571721745 0.5856216484 0.5865494628
1 0 0 0 -0.5 -0.5 -0.5
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Tables (3-5) illustrate good agreements of present results with earlier literature works
[6,8,11,17]. It is observed that the absolute difference between present results and differential
transformation method, DTM [17] and homotopy analysis method, HAM [11] is less than 3.01*107.
Table 3
Comparison of velocity v with earlier literature works at
&=0.5, M=F;=0, Rg=>°, G;=B,=1, m=2000

X Present results HPM [6] A.E. RVIM [8] A.E. HAM [11] A.E.
(A*=101?)
-1 0 0 0 0 0 0 0
-0.8 0.02391934924 0.0239 1.93*10° 0.02356863 3.51*10* 0.02392391 4.56*10°
-0.6 0.03217269108 0.0322 2.73*10° 0.03153540 6.37*10* 0.03217724 4.55*10%
-04 0.02840687260 0.0284 6.87*10° 0.02756369 8.43*10* 0.02841114 4.27*10°
-0.2 0.01661764658 0.0166 1.76*10° 0.01565187 8.43*10* 0.01662161 3.96*10°°
0 0.00080762874 0.0008 7.63*10°® 0.00019888 6.09*10* 0.00081131 3.68*10°°
0.2 -0.01508246038 -0.0151 1.75*10° -0.01604876 9.66*10* -0.01507910 3.36*10°
0.4 -0.02710371350 -0.0271 3.71*10° -0.02794788  8.44*10* -0.0271006 3.11*10°
0.6 -0.03123014822 -0.0312 3.01*10° -0.03186690 6.37%10% -0.0312274 2.75*10°®
0.8 -0.02342906061 -0.0234 2.91*10° -0.02378185 3.53*10% -0.0234270 2.06*10°®
1 0 0 0 0 0 0

Table 4
Comparison of temperature @ with earlier literature works at
§=0.5, M=Fs=o, Rd=°°, Gr=Br=l, m=2000

X Present results  HPM [6] A.E. RVIM [8] A.E. HAM [11] A.E.
(4*=1072)
-1 0.5 0.5 0 0.49794410 2.06*10°3 0.5 0
-0.8 0.4007358824 0.4008 6.41*10° 0.39866980 2.07*10°3 0.4007343 1.58*10°°
-0.6 0.3011773855 0.3012 2.26*10° 0.29911352 2.06*%10°3 0.30117607 1.32*10°
-04 0.2015909075 0.2016 9.09*%10°® 0.19953058 2.06*%10°3 0.20158997 9.37*107
-0.2 0.1019275017 0.1019 2.75*%10° 0.09986820 2.06*10°3 0.1019269 6.02*107
0 0.0020605134 0.0021 3.95*10° 0.00126049 8.00*%10* 0.00206022 2.93*107
0.2 -0.0980700493 -0.0981 3.00%10° -0.1001317 2.06*10°3 -0.09807 4.93*108
0.4 -0.1984085099 -0.1984 8.51*10° -0.2004692 2.06*10°3 -0.1984082 3.10*107
0.6 -0.2988285183 -0.2988 2.85*%10° -0.3008857 2.06*10°3 -0.2988279 6.18*107
0.8 -0.3992747317 -0.3993 2.53*10° -0.4013296 2.05*10°3 -0.399274 7.32*%107
1 -0.5 -0.5 0 -0.5 0 -0.5 0
Table 5

Comparison of friction factor C, with earlier literature works at

M=Fs=1, Rs=100, G,=B,=1, m=2000 (A*=107"?)
P=1 PI=5
Present results Ewis [17] A.E. Present results Ewis [17] A.E.
1.5 0.1523372982 0.152336641 6.57*107 0.1359908687  0.135990374 4.95*107
3.0 0.1667054340 0.166702886 2.55*10° 0.1467168018  0.146714922 1.88*10°
6.0 0.2170205782 0.217015267 5.31*10° 0.1827292493  0.182725509 3.74*10°

T,

Convergence of present solution depending on the influences of v and & by number of sub-
intervals (m=20, 200 and 2000) is illustrated in Tables 1 and 2, which give orders of truncation error
(A%=10"%, 108, 1012), respectively. Relatively small and large fluid and heat parameters are used to
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illustrate the power of present method to solve the non-linear differential coupled equations. It is
observed that the present solution is stable, convergent and accurate.

5. Results and Discussion

Results are shown in Tables (6-9) and Figures (2-6) to illustrate effects of flow and heat
parameters (S, Tr, Gr, b, M, Fs, 3, Rs and Br) on dimensionless quantities (v, 3, ¢, and N ). Certain

values of these parameters are chosen to show variation and convergence of present results as they
are plotted and tabulated and compared with analytical and numerical available results. The variation
of v.and @ profiles with suction parameter (5=0, 1 and 2) and Grashof number (Gr=10, 20 and 30) are
shown in Figs. 2 and 3. It is observed that increasing suction parameter (S) and Grashof number Gr
increase vand ¢. It also is observed that velocity v is relatively affected these parameters more than
U. The effect of thermal conductivity (b=0.1, 1 and 2) on the variations of v and & profiles are shown
in Fig. 4. It is observed that increasing b increases v and ¢ because of conductivity. It also is observed
that velocity v is relatively affected by the thermal conductivity b more than 8.

Table 6
Effects of flow and heat parameters on the friction factor C

M=Fs=P,=1, $=0.5, Tr=1.5, b=1, Rs=100, m=2000 (A*=107?)

G 8=1 6:2
:
Br=0.2 0.4 1 0.2 0.4 1
0.5 .1101249834 .1101445049 .1102031831 .1081653491 .1081839007 .1082396616
1 .2089720351 .2091051836 .2095075312 .1985790700 .1986960716 .1990495385
2 .3669229552 .3676844303 .3700295276 .3317063891 .3323203333 .3342087799
Table 7
Effects of flow and heat parameters on the Nusselt number N, :
M=F=P=1, §=0.5, Tr=1.5, b=1, R;=100, m=2000 (A*=10?)
G 0=1 0=2
2
Br=0.2 0.4 1 0.2 0.4 1
0.5 .8846329630 .8832291787 .8790094143 | .8846413913 .8832460524 .8790517262
1 .8805769199 .8750975517 .8585322339 | .8806774421 .8752993346 .8590423100
2 .8655398373 .8447515749 .7805459745 | .8664014240 .8464970055 .7850857079
Table 8
Effects Thermal Conductivity on the friction factor C,
M=Fs=P,=Ec=1, §=0.5, Tr=1.5, R,=100, m=2000 (A*=10"?)
b d=1 0=2
Gr=0.5 1 2 0.5 2
0.5 .1042786451 .1991419454 .3544467828 .1025721879 .1897713886 .3210913877
1 .1102031831 .2095075312 .3700295276 .1082396616 .1990495385 .3342087799
1.5 .1150278084 .2178580529 .3824012942 .1128401773 .2064903995 .3445992011
Table 9

Effects of Thermal Conductivity parameters on the Nusselt number N, :
M=F=P,=Ec=1, $=0.5, Tr=1.5, R4=100, m=2000 (A4*=10"?)
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0=1 0=2
Gr=0.5 1 2 0.5 1 2
0.5  .9995488875  .9787606295 .8991884938 | .9995903530 .9792737598 .9039171022
1 .8790094143  .8585322339 .7805459745 | .8790517262 .8590423100 .7850857079
1.5  .7904092856  .7703208505 .6941641291 | .7904517036 .7708213500 .6985036466

The effect of radiation parameter Rys=0.1, 1 and 2) on the variations of v and ¢ profiles are shown
in Fig. 5. It is observed that increasing R4 increases v and ¢ because of heat generation due to
radiation. The effect of non-Darcy Forchheimer parameter (Fs=0, 2 and 5) on the variations of v and
U profiles is shown in Fig. 6. It is observed that increasing Fs decreases v and @ because it represents
a resistance to motion. It also is observed that velocity v is relatively affected by Fs more than §.

(a) Velocity

0.15 T T
S=0
O o s B B S S R (N S=1
AT T~ —— ————G=)

> 0.05 st e T

T —— . '-..,.:"'~_-

\\ Rk L LT T
0 —

-0.05

0.5 T T
%%-- S=0
I~ =
\..:{“* ------- s=1
S ————ce
D 0 \"\"&17~~ S=2
%:?~
IO
D

-0.5

Fig. 2. Variation of v and & profiles with suction parameter (S) when M=1, F=1, &1, Rs=1and T,=1.25, Pr=1,
Ec=0.2, Gr=1, b=0.5.
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(a) Velocity
1
!'-—--~~-\ i ; _
R T Saa Gr=10
0.5 ‘¢!"‘n"-‘ ""4... \\ - T Gr=20 ||
. ot dd S ———— T
Py N — tee,, b I —
> 0(";V Sty — Gr=30
0 >y ..‘~
0.5
-1 08 -06 04 02 0 02 04 06 08 1
X
(b) Temperature
0.5 %%_ : T
R a0
RO S N R -
> o “Slaag, —===-Gr=30 ||
ST

-0.5
-1 -08 -06 -04 -02 0 0.2 0.4 0.6 0.8 1

X

Fig. 3. Variation of v and & profiles with Grashof number (Gr) when M=0, F.=0, &=1, Rs=1 and T,=1.25, Pr=1,
S=1, Ec=0.2, b=0.5.

(a) Velocity
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%,’. S b=1
0 ...*r"‘. ~ i
\."t,\..
15T
'.\:.\
0.5

-1 -0.8 -06 -04 -02 0 0.2 0.4 0.6 0.8 1

Fig. 4. Variation of v and ¢ profiles with conductivity parameter (b) when M=0, F,=0, &=1, Rs=1and T,=1.25,
Pr=1, S=1, Ec=0.2, Gr=1.
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(a) Velocity
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Fig. 5. Variation of v and & profiles with radiation parameter (Rs) when M=1, Fs=1, b=1.5, &1, T=1.5, Pr=5,
S=3, Ec=5, Gr=3.

(a) Velocity
0.4 - .
0.3H ssnunasn Fs=2 /,_--'_—_ —e
4"--" .'N;'u
————Fs=5 S M
> 0.2 i 55 N
| O Q
0.1
r

1 T T
—le%u M R s I ey,
0.5 i [ - -.4;,’
s ‘ ‘ \'0\.‘
ol Fs=0
------- FS:Z
=== Es=5
-0.5

Fig. 6. Variation of v and & profiles with Forchiemer parameter (Fs) when M=1, b=1.5, B=2, Ry =1 and T,=1. 5,
Pr=5, S=3, Ec=5, Gr=3.

Tables (6-9) show effects of some fluid flow and heat transfer parameters (B, b, Gr and 0) on the
friction factor (Cs) and Nusselt number (Ny). It is observed that Cs increases with increasing By, b and
G, but, Cr. decreases with increasing 9, It is also observed that Ny decreases with increasing B, b and
Gr but, Ny increases with increasing o.
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6. Conclusion

The variability of thermal conductivity is very important because it represents the real case of
energy equation. The effect of variable thermal conductivity on non-Darcian natural convection flow
of viscoelastic fluids between vertical plates is studied. The finite difference method with fourth
truncation error is used to solve the nonlinear momentum and energy equations between heated
vertical plates. The effects of: nonlinear radiation, dissipation and Forchiemer-Darcy resistance force
on viscoelastic fluid and heat transfer are taken into consideration. An error analysis is made to
achieve accuracy, convergence and stability of present results and their agreement with available
previous works. The effects of fluid and heat parameters on velocity, temperature, skin friction factor
and Nusselt number are studied and discussed. Some results are listed and shown in tables and
figures. It is observed that, increasing Brinkman number and temperature ratio increase velocity, skin
friction factor and temperature because of dissipation. It is also observed that, increasing viscoelastic
parameter decreases velocity, skin friction factor and temperature because resistance to the flow.
The Nusselt number decreases with increasing Brinkman number, but, it increase with increasing
both viscoelastic parameter and temperature ratio. It is observed that skin friction factor increases
with increasing the thermal conductivity but, skin friction factor. It is also observed that Nusselt
number decreases with increasing thermal conductivity. The results which are introduced in tables
are very useful in engineering design and comparisons with future analytical and experimental works.

References

[1] Bruce, R. W., and T. Y. Na. "Natural convection flow of Powell-Eyring fluids between two vertical flat plates." ASME,
1967.

[2] Rajagopal, Kumbakonam R., and Tsung-Yen Na. "Natural convection flow of a non-Newtonian fluid between two
vertical flat plates." Acta Mechanica 54, no. 3 (1985): 239-246. https://doi.org/10.1007/BF01184849

[3] Ziabakhsh, Z., and G. Domairry. "Analytic solution of natural convection flow of a non-Newtonian fluid between
two vertical flat plates using homotopy analysis method." Communications in Nonlinear Science and Numerical
Simulation 14, no. 5 (2009): 1868-1880. https://doi.org/10.1016/j.cnsns.2008.09.022

[4] Khani, F., A. Farmany, M. Ahmadzadeh Raji, Abdul Aziz, and F. Samadi. "Analytic solution for heat transfer of a third
grade viscoelastic fluid in non-Darcy porous media with thermophysical effects." Communications in Nonlinear
Science and Numerical Simulation 14, no. 11 (2009): 3867-3878. https://doi.org/10.1016/j.cnsns.2009.01.031

[5] Farooq, A. A., A. M. Siddiqui, M. A. Rana, and T. Haroon. "Application of He’s method in solving a system of
nonlinear coupled equations arising in non-Newtonian fluid mechanics." International Journal of Applied
Mathematical Research 1, no. 2 (2012). https://doi.org/10.14419/ijamr.v1i2.42

[6] Kargar, A., and M. Akbarzade. "Analytic solution of natural convection flow of a non-newtonian fluid between two
vertical flat plates using homotopy perturbation method (HPM)." World Applied Sciences Journal 20, no. 11 (2012):
1459-1465.

[71 Rashidi, M. M., T. Hayat, M. Keimanesh, and A. A. Hendi. "New analytical method for the study of natural
convection flow of a non-Newtonian fluid." International Journal of Numerical Methods for Heat & Fluid
Flow (2013). https://doi.org/10.1108/09615531311301236

(8] Etbaeitabari, Amir, M. Barakat, A. A. Imani, G. Domairry, and P. Jalili. "An analytical heat transfer assessment and
modeling in a natural convection between two infinite vertical parallel flat plates." Journal of Molecular Liquids 188
(2013): 252-257. https://doi.org/10.1016/j.mollig.2013.09.010

[9] S. N. Murar, "Natural Convection Flow in a Vertical Channel in the Presence of Radiation and Viscous Dissipation",
Didactica Mathematica, Vol. 34, pp. 41-49, 2016.

[10] Siddiga, Sadia, Naheed Begum, Md Anwar Hossain, and Rama Subba Reddy Gorla. "Natural convection flow of a
two-phase dusty non-Newtonian fluid along a vertical surface." International Journal of Heat and Mass
Transfer 113 (2017): 482-489. https://doi.org/10.1016/j.ijheatmasstransfer.2017.05.080

[11] M. Jyoti, “Third Grade Fluid with Natural Heat Convection Through Vertical Plates", 2nd International Conference
on Academic Research in Engineering Management (IETE), Institution of Electronics and Telecommunication
Engineers, Bhopal, M.P., pp. 90-100, India, October, 2017.

80


https://doi.org/10.1007/BF01184849
https://doi.org/10.1016/j.cnsns.2008.09.022
https://doi.org/10.1016/j.cnsns.2009.01.031
https://doi.org/10.14419/ijamr.v1i2.42
https://doi.org/10.1108/09615531311301236
https://doi.org/10.1016/j.molliq.2013.09.010
https://doi.org/10.1016/j.ijheatmasstransfer.2017.05.080

Journal of Advanced Research in Applied Sciences and Engineering Technology
Volume 22, Issue 1 (2021) 69-80

(12]

[13]

(14]

(15]

(16]

(17]

(18]

Mushtaq, A., M. Mustafa, T. Hayat, and A. Alsaedi. "Numerical study of the non-linear radiation heat transfer
problem for the flow of a second-grade fluid." Bulg. Chem. Comm 47, no. 2 (2015): 725-732.

Ahmed, Naveed, Umar Khan, Syed Tauseef Mohyud-Din, and Bandar Bin-Mohsin. "A finite element investigation
of the flow of a Newtonian fluid in dilating and squeezing porous channel under the influence of nonlinear thermal
radiation." Neural Computing and Applications 29, no. 2 (2018): 501-508. https://doi.org/10.1007/s00521-016-
2463-9

Attia, Hazem Ali, Mostafa AM Abdeen, and Karem Mahmoud Ewis. "Non-Darcy unsteady MHD Hartmann flow in a
porous medium  with  heat transfer." Mechanics &  Industry 17, no. 1 (2016): 112.
https://doi.org/10.1051/meca/2015052

E. R. G. Eckert, R. M. Drake, " Analysis of Heat and Mass Transfer", McGraw-Hill International Book Company, pp.
303 - 306, 1972.

R.K. Shah, A.L. London, “Laminar Flow Forced Convection Heat Transfer and Flow Friction in Straight and Curved
Ducts- A Summary of Analytic Solution”, TR No.75 Dep. Mech. Eng. Stanford University Stanford California, pp. 46-
48, 1978.

Ewis, K. M. "Non linear radiation and dissipation effects on natural convection flow of viscoelastic fluids between
vertical plates filled with Forchiemer-Darcy medium." Int J Sci Res 7 (2018): 1519-1526.

Ewis, Karem Mahmoud. "Natural convection flow of Rivlin—Ericksen fluid and heat transfer through non-Darcy
medium with radiation." Advances in Mechanical Engineering 11, no. 8 (2019): 1687814019866033.
https://doi.org/10.1177/1687814019866033

81


https://doi.org/10.1007/s00521-016-2463-9
https://doi.org/10.1007/s00521-016-2463-9
https://doi.org/10.1051/meca/2015052
https://doi.org/10.1177/1687814019866033

