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equations are transformed into ordinary differential equations by using similarity
transformation then solved numerically by boundary value problem solver (BVP4C) in
MATLAB software package. The numerical results are evaluated with previous
researches to reach an agreement with the parameters of the current study. This study
is discussing the behavior of the velocity and temperature profiles as well as skin
friction coefficient and local Nusselt number for various physical parameters such as
magnetic field, radiation, suction, thermal slip, velocity slip, Prandtl number, Eckert
number and modified Hartmann number. Numerical results are shown graphically for
each parameter with different values. It is found that the momentum boundary layer
thickness increases with increasing the values of Casson parameter. The temperature
decreases when the velocity slip parameter and thermal slip parameter are increased.
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1. Introduction

In this world, there is almost everything covered with fluids even the living of nature. Water is
well-known as one kind of fluid. The liquid is one of the substances with zero shear force when there
is no force presence to the fluid flow along to the surface. Newtonian fluids are the fluids that obey
the Newtonian law of viscosity. However, there are some fluids that are invalid to describe the
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rheological behavior of several important materials in the industrial sector such as ketchup, blood
clotting, several oils, concentrated fruit juices, honey, and many other examples. Those invalid
applications in the theory of Newtonian fluids are known as non-Newtonian fluid. Recently, the study
of non-Newtonian fluids has become attention where it has a variety of applications in industrial and
engineering sectors especially in food processing.

One of the non-Newtonian fluids is Casson fluid. Casson fluid was introduced by Casson [1] to
stimulate industrial inks, thus this model has significant applications in polymers processing
industries and biomechanics. The heat transfer and stagnation point flow over a stretching/shrinking
sheet are the crucial investigation within the researchers due to its wide range of applications in the
industrial and engineering sectors. Some of these applications are paper production, glass blowing,
cooling of metallic sheets, jet emerging from slot-jets, and flow over the tips of the submarine. An
exact analytical solution of the boundary layer past a stretching sheet was first introduced by Crane
[2] and the boundary layer flow over a shrinking sheet was evolved by Wang [3]. The fluid flow and
heat transfer are influenced by the value of the Casson parameter in the presence of
suction/injection at the surface were analyzed by Pramanik [4] through a horizontal exponentially
stretching sheet in the presence of porous medium and thermal radiation,meanwhile the inclined
linear stretching sheet in nanofluid was studied by Rawi et al., [5].

In recent years, the nonlinear boundary layer has been subjected to the researchers to conduct
the problems related to the fluid flow whereas it is important to discover since there is a wide range
in the applications based on the boundary layer theory. Slip velocity exists when there is a velocity
gradient occurs on the surface in which the fluid flow moves freely on the surface such as gels,
emulsions, and foams [6]. Furthermore, the thermal radiation effects on heat transfer over a
stretching/shrinking surface is an essential role in engineering since there is a wide range in
applications such as liquid metal fluids, gas turbines and aircraft. Srinivas et al., [7] conducted the
effect of thermal radiation and chemical reaction on the unsteady flow of a micropolar fluid over a
porous stretching sheet. Another study about the effects of velocity slip and radiation on the
stagnation point flow and heat transfer past a permeable stretching/shrinking Riga plate has been
carried out by Nasir et al., [8].

Viscous dissipation defined by Hussanan et al., [9] is a process in which the work done by a fluid
on adjacent layers due to the action of shear forces. Soid et al., [10] carried out the study of an
unsteady magneto-hydrodynamic flow and heat transfer over a shrinking sheet with ohmic heating.
The study was extended the work from Bhattacharyya [11] where the effect of magnetic field, viscous
dissipation and ohmic heating are calculating on the problem. The nonlinear viscous dissipation is an
important topic to discuss because it is responsible for the instability during the heat transfer process.
In other words, viscous dissipation is an internal heat generation mechanism where it can lead to
unstable temperature distribution [12]. Moreover, there is a combination of permanent magnets and
a spanwise aligned array of alternating electrodes mounted on a plane surface which called as a Riga
plate.

Riga magnet is used as an efficient agent to minimize the skin friction and pressure drag of
submarines. The fluid flows under the influence of magnetic force along the Riga plate have huge
applications in engineering and biomechanics. To illustrate the characteristics of laminar fluid flow
due to Riga plate have been carried out in various physical aspects such as Islam et al.,, [13]
investigated the behavior of fluid flow with the presence of magnetic force in a rotating system on a
Riga plate. Another study on the convective Casson fluid flow past a Riga plate was conducted by
Loganathan and Deepa [14]. The research was focused on the behavior of non-linear flow under
radiation, permeability and the surface parallel to Lorentz force. A study on the heat transfer in
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Casson fluid over an exponentially permeable shrinking sheet by Haldar et al., [15] was found that
wall temperature declines with the increase values of convective parameter.

The boundary layer flow with slip condition at the surface has become huge attention nowadays
and has been analyzed under various physical conditions [16-19]. However, there are several
uncertain behaviors in the manufacturing process that could not be avoided or controlled especially
during the process of trespassing flow at a critical point. Therefore, the study of nonlinear stagnation
point flow and heat transfer are taken into this problem to give the approximated solutions based on
real problems. In this paper, we extend the work of Haldar et al., [15] to examine the effects of Riga
magnetic field, viscous dissipation, stagnation point flow, thermal radiation, velocity and thermal slip
boundary on the problem of steady heat transfer of Casson fluid over an exponentially
stretching/shrinking permeable sheet. This study concerns on the realistic applications and pointed
out that the theory of Casson fluid is essential to introduce and describe the non-Newtonian
behaviour of certain fluids.

The study on the heat transfer over a permeable stretching/shrinking Riga plate in the Casson
fluid with the presence of viscous dissipation, radiation and slip effects parameter will enhance the
understanding of the behavior of these flows. The governing partial differential equations are
reduced into a system of nonlinear ordinary differential equations by applying similarity
transformations. Numerical results are obtained by using BVP4C solver in the MATLAB software for
different values for each governing parameter. The skin friction coefficient and local Nusselt number
are analyzed and shown in tabular forms and graphs.

2. Mathematical Formulation

Consider a steady two-dimensional stagnation point flow and heat transfer of Casson fluid over
a stretching/shrinking Riga plate. The physical model in Figure 1 is shown in Cartesian coordinates
where x and y are measured over a Riga plate and normal to it respectively. The velocity of the

stretching/shrinking surface is U, (x)=U,et where y, is the reference velocity while the straining
velocity U, (x) is representing the velocity of the flow far from the sheet (inviscid flow) and L is a

X
characteristic length. The temperature of the sheet is T, =T, +T,e? , where the constant
2X
temperature of the ambient fluid is T_ and T, is the reference temperature. M =M e' is a variable

of magnetic field where M, is a constant. Assuming the rheological equation of state for an isotropic
and incompressible flow of a Casson fluid is as follow:
2ug +p,IN27)e; > 7,

2ug +p,1\2m.)ey  m>m,

where g4 is the plastic dynamic viscosity of the non-Newtonian fluid, p, is the yield stress of the

T

fluid, 7 =¢;€;,€; is the (ij)th component of the deformation rate with itself and 7z, denotes a critical

value of this product based on the non-Newtonian model [20-21].
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Fig. 1. Physical model of the boundary layer on the Riga plate

The governing equations of the steady stagnation boundary layer equations for the continuity
and momentum of this problem can be written as below:

ou ov
+

P (1)
2 : T
ua—quva—uzueaue fd14t 67121+7z]0M e{fay] (2)
ox oy 0 ploy?  8p
oT oT T 1 0 1Y au)
U—+V—=a—+ 4 , _H (1+I UJ (3)
OX oy g° pC, 0y pC, BNy
with the boundary conditions
ou oT

, aty=0

u=u,(x)=AU,(x)+N—, v=-V,(x), T=T,+D
oy oy

. (4)
u—-U,(x)=Uge", T—->T,, asy-w.

where U and v are component of velocity in x-axis and y-axis respectively, v is the kinematic
viscosity, s is the Casson fluid, p is fluid density, j, is the applied current density in the electrodes,

«, is the width for electrodes and magnets, ,, — _kK_jsthe thermal diffusivity where k is the thermal
p
conductivity, c, is the specific heat at constant pressure and A is the constant stretching/shrinking

parameter where A >0 refers to stretching while 4 <0 is for shrinking sheet. It is assumed that

N =N,e 2 is the velocity slip factor changes with x while N, is the initial value of velocity slip and

D =D,e 2t is the thermal slip factor changes with x and D, is the initial value of the thermal slip factor.
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X

V, (x) =V,e?- is the velocity at the surface where v, is the initial strength when v, >0 for injection
while v, <0 for suction and T is the temperature parameter.

The radiative heat flux g, under Rosseland approximation for thermal radiation [22] is then
simplified as

46" OT*

qr - 3k

where, &* is the Stefan—Boltzman constant and k™ is the absorption coefficient. The temperature
differences within the flow such as the term T* are expressed as linear function of temperature.
Hence, expanding T* in a Taylor series about T_ and neglecting higher-order terms will be as follows.

T =47°T -31}. (6)

Using Egs. (5) and (6), Eq. (3) can be written as

U—+v—

=0+ >+
x oy ot HC, oy C,

B

oy

2 1 *T3 2 2
0 T 8T 1601 07T ,u(lJrlj(&uj. )

We assume the following similarity variables 5 , the velocity components u, v, and the
dimensionless temperature ¢ can be considered for Egs. (1), (2) and (7):

x T-T U, =
=.2U.uL pa f , 0 = ., = [—=% Aot
y=yaJlerf(n), 6() T o1 T\ &Y

©

X (8)
u=U, et f'(n), v=—\/§eﬂ(f(ﬂ)+ﬂf '(m))-

Substituting the similarity variables from Eq. (8) into Egs. (1), (2) and (7) are reduced into the
following ordinary differential equations as below:

(1+;Jf'”(f7)+2—2f )+ 1) 1)+ Qe =0, (©)

(l+ % Rd j&”(n) +Pro'(n)f(n)—Prf'(m)0()+Pr EC(1+ ;j f"2(7)=0 (10)

with the boundary condition

f0)=S, f'(0)=A+af"(0), 6(0)=1+e0'(0), at y=0 1)
f'(o0) >1, O(©) >0, as y—>w
where primes denote differentiation with respect to 77, g is the Casson fluid parameter, Q is the

modified Hartmann number, A is the dimensionless parameter, Rd is the radiation parameter, Pr
is the Prandtl number, Ec is the Eckert number, S is the suction/injection parameter, 1 is the
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stretching/shrinking parameter, @ is the velocity slip factor and ¢ is the thermal slip factor, which
are defined as

T3 2
pr K , Rd= 40*T EC_U et Q- Mz' AT 1 ZUL,
uC, T,C, 8pU, a, eﬁ U,
(12)

M:
vy, 2UL

The quantities of physical interest in this problem are the skin friction coefficient C, and the local
Nusselt number Nu which are defined as

T Xq,,
w N —
P02 KT, -T)

(13)

f =

where ¢ isthe shear stress or skin friction and q,, is the heat flux from the surface of the sheet which
are defined as

P, |ou - x ot .
fwz{yﬁmlaylo, dy = k( 3Rdj(ayjyo (14)

Substituting Egs. (8) and (14) into Eq. (13) and obtain:

F _JRe_ c, = £"(0), Nu =-0'(0)
X [1+1j Eﬁ[ugwj (15)

s

where Rezm is the local Reynolds number.
19

3. Results and Discussion

The nonlinear ordinary differential equations along with the boundary conditions were solved
numerically using the BVPA4C solver in MATLAB. The dimensionless parameters have been computed
to perform numerical solutions which are Casson parameter g, Prandtl number Pr, radiation
parameter Rd, Eckert number Ec, modified Hartmann number Q, stretching/shrinking parameter 4,

suction/injection parameter S, velocity slip factor » and thermal slip factor ¢ while the
dimensionless parameter A remains constant. The velocity and temperature profiles are determined
graphically for a few parameters listed above as shown in Figures 2-9 meanwhile numerical results
of skin friction coefficient and local Nusselt number are tabulated in Table 2.

In order to achieve the accuracy of the governing equations, the present study is being compared
for the heat transfer coefficient with the numerical results of Haldar et al.,, [15] to validate the
numerical results obtained for a steady case when Pr=0.7, suction parameter remains constant at
S=5.0 and Casson parameter g is calculated with various values which are 1.0, 1.4, 2.0 and 2.4. The

comparison in Table 1 shows that the heat transfer coefficient has achieved an agreement and prove
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that this research programming solver is strongly accurate and reliable in solving the nonlinear
ordinary differential equations.

Table 1
Comparison of heat transfer coefficient, — 9'(0) for the various value of g and » as Q=Rd

=Ec=A=9»=0, S=5.0 and Pr=0.7 with 1=-1

Haldar et al., [15] Present study
£ g -0'(0) -0'(0)
10 1.0 0.097121 0.097121
14 0.097129 0.097129
2.0 0.097135 0.097135
2.4 0.097138 0.097138

The numerical results were evaluated by varying different values of several parameters while
the dimensionless parameter, A and other parameters is remaining constant at 1. The shrinking
parameter is consistently considered as 1=-1 while for the stretching parameteris 1=1 The results
have been analyzed to discover the behavior of the skin friction coefficient, local Nusselt number,
velocity profiles, and temperature profiles regarding various of physical parameters in this study. In
this research, we have been decided the relative tolerance was set as 10™° to obtain accurate
numerical results and chose 7 —« as =4 for the solution because it found suitable for the profiles

to fulfil the boundary conditions asymptotically.
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Fig. 2. Velocity profile, f'(5) for various values of 3 Fig. 3. Temperature profile, 6() for various values
when Q=Rd =Ec=A=w=s=S=Pr=1 of p when Q=Rd =Ec=A=w=¢=S=Pr=1

The effects of Casson parameter g on the velocity and temperature profiles are depicted in
Figures 2 and 3. It is analysed that the fluid velocity rises as the Casson fluid parameter increases
initially and it continuous when the fluid moves along the shrinking sheet. Meanwhile, for stretching
sheet, the movement of the fluid decreases after several time, but ultimately the velocity profiles
towards 1 for both sheets. In fact, the high viscosity of the Casson fluid will lead to slow the fluid
movement in the boundary layer due to the high drag force especially on the shrinking sheet. A
consistent behaviour can be predicted for the Newtonian fluid as the Casson parameter approaches
infinity. Opposite behaviour in Figure 3 which the temperature decreases as the values of the Casson
parameter increases and it is obvious on the shrinking sheet. This is happening due to the viscosity
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of non-Newtonian fluid assists to decrease the temperature of the fluid in the boundary layer.
Consequently, it causes to decrease the thermal boundary layer that represents the faster cooling.

Figures 4 and 5 show the velocity and temperature profiles for the Eckert number for both
stretching and shrinking. The velocity distribution is constant because it is independent toward the
momentum equation. However, it is significantly affecting the temperature distribution as depicted
in Figure 5. The temperature distribution increases as the values of the Eckert number increase for
both the stretching and shrinking surface. This is happening because the relationship between kinetic
energy flow and the enthalpy can enhance the temperature of the boundary layer flow.
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Fig. 4. Velocity profile, f'(p) for various values of Fig. 5. Temperature profile, §(5) for various values
Ec when Q=Rd=p=A=0w=s=S=Pr=1 of Ec when Q=Rd=p=A=0p=5=S=Pr=1
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Fig. 6. Velocity profile, f'(r) for various values of  Fig. 7. Temperature profile, 9(;) for various values
o when Q=Rd =f=A=Ec=¢=S=Pr=1 of »w when Q=Rd=p=A=Ec=¢=S=Pr=1

The effects of three different values of velocity slip parameter » on the velocity and temperature
profiles are defined in Figure 6 and Figure 7 respectively. Figure 6 represents the growth of the
velocity slip parameter which will increase the fluid velocity within the boundary layer. It means that,
the more slippery the surface is, the smoother the fluid flow. The temperature distributions reveal
an opposite scenario which the temperature decreases as shown in Figure 7. The decrease in the
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temperature is due to the higher viscosity of the fluid that resists the temperature to disperse.
However, both figures result in reducing the velocity and thermal boundary layers.

Figure 8 states that the increase of the thermal slip parameter does not influence the fluid
behavior in the boundary layer. However, it does affect the temperature profile as in Figure 9.
Therefore, the thermal slip tends to lower the temperature distribution and simultaneously decrease
the temperature boundary layer thickness. Near the boundary, the temperature distribution g is
lower for the stretching sheet compared to shrinking sheet for a little increment in thermal slip.
Surprisingly, ¢(0) has a similar value for the higher slippery sheet.
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Fig. 8. Velocity profile, f'(5) for various values of Fig. 9. Temperature profile, g(;) for various values
& when Q=Rd=f=A=Ec=0w=S=Pr=1 of ¢ when Q=Rd=8=A=Ec=0w=S=Pr=1

Table 2
The values of skin friction coefficient, f”(0) and local Nusselt number, —9'(0) for several values of 3,

Ec, » and ¢ when Q=Rd=S=Pr=A=1

stretching sheet (1 > 0) shrinking sheet (1 < 0)
B Ec w £ i ; ,, 7

f"(0) -0'(0) f'(0) -0'(0)
10 10 10 1.0 0.15559577 0.53157214 1.42056784 0.31161659
30 10 1.0 1.0 0.17971815 0.53308479 1.56559837 0.39639949
50 10 1.0 1.0 0.18596218 0.53345898 1.60148308 0.41319400
10 00 1.0 10 0.15559577 0.53450902 1.42056784 0.50054887
10 20 1.0 10 0.15559577 0.52863526 1.42056784 0.12268432
10 40 1.0 10 0.15559577 0.52276151 1.42056784 -0.25518022
10 10 0.0 1.0 0.44713472 0.51581769 2.85295128 -1.16598840
10 10 10 1.0 0.15559577 0.53157214 1.42056784 0.31161659
1.0 10 20 1.0 0.09387069 0.53275447 0.87830600 0.45792614
1.0 10 10 0.0 0.15559577 1.14196015 1.42056784 0.62391808
10 10 1.0 20 0.15559577 0.34641187 1.42056784 0.20766841
10 10 1.0 40 0.15559577 0.20417385 1.42056784 0.12456459

The values of skin friction coefficient and local Nusselt number for different values of the several
physical parameters are presented in Table 2. It is shown that as the Casson parameter gincreasing,

the skin friction coefficient and the heat transfer are increasing for both stretching and shrinking
surfaces. Moreover, the increase of the Casson parameter s causes an increase in yield stress which

it allows high resistance to the motion of fluid on the surface and consequently increase the rate of
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heat transfer. Moreover, the skin friction coefficient for Eckert number Ec remains constant for both
surfaces as predicted since it is not in the momentum equation. However, the rate of heat transfer
decreases as Eckert number Ec increases. The positive value indicates the heat is transferred from
the surface to the Casson fluid, while the negative sign explains the opposite meaning.

The skin friction coefficient and the heat transfer rate decrease and increases respectively when
the velocity slip » is increased for both sheets. The result of the skin friction coefficient and local
Nusselt number for both stretching and shrinking sheets with three different values of thermal slip
parameter are also showed in Table 2. The results are consistent as Ec where the skin friction
coefficient does not show any changes as the value of the thermal slip parameter increasing.
However, the rate of skin friction shows a less drag when the sheet is stretched compared to when
the sheet is shrunk. Similar conclusion is observed as Ec when the rate of heat transfer also
decreases when the thermal slip is decreased. In a nutshell, all the pertinent parameters significantly
impact on the velocity and the temperature profiles especially when the plate is shrunk. This might
due to its unique backflow characteristic.

4. Conclusions

This research discusses the problem of radiative boundary layer flow over an exponentially
permeable slippery Riga plate immersed in a Casson fluid with velocity and thermal slip effects at the
boundary. The study is extended and modified from Haldar et al., [15] by added some terms to
observe more into the real applications. The similarity variables are used to transform the governing
equations of partial differential equations corresponding to the momentum and thermal energy
equations into ordinary differential equations. The existence of the results is clearly presented and
described by considering every physical parameter to determine the behavior of the velocity and
temperature profiles as well as skin friction coefficient and local Nusselt number respectively. In a
nutshell, all the pertinent parameters significantly impact on the velocity and the temperature
profiles especially when the plate is shrunk. This might due to its unique backflow characteristic.
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