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magnetic field are considered on the fluid flow. Also, the Newtonian heating boundary
condition is induced on the vertical stretching sheet. The suitable similarity
transformation is applied to the governing equations of the model which then
produces the ordinary differential system. The results are obtained by adapting the
Runge-Kutta Fehlberg (RKF45) method whereby the solutions are interpreted in terms
of velocity and temperature profiles for Jeffrey fluid and dust particles respectively.
The influences of assorted physical parameters are visualized graphically to clarify the
flow and heat transfer characteristic for both phases. The discovery found that the
presence of the dust particles have an effect on the fluid motion which led to
decelerate the fluid transference. The present flow model can match to the single
phase fluid cases if the fluid particle interaction parameter is ignored.
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1. Introduction

Recent developments in the field of two-phase flow have led to a proliferation studies in the
dynamics of solid particles through fluid. This solid-liquid system is governed in a separate continuum
equations, by means the fluid and solid phases are individually formulated. The interaction force
among two phases is significant, where usually, both governing equations are coupled through the
term of total fluid-particle interaction force per unit volume that is clearly different from single phase
flow. This phenomenon could be found in the flow of corpuscle in plasma, flow of liquid with
suspended solids and etc. Altogether, it is a great helpful for modelling flow with binary mixture of
non-Newtonian fluid and solid particles associated with particular circumstances. It can thus be
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suggested that this two-phase model could benefits in studying the dusty Jeffrey fluid that exhibits
the binary characteristics of Jeffrey fluid and spherical dust particles such as undertaken here.

The Jeffrey fluid is selected for the study on account of its properties of relaxation and retardation
times, simultaneously being recognised in polymer industries and biofluids [1]. Moreover, blood is a
class of biofluids that has been proven experimentally showed the features of non-Newtonian fluids
depending on the certain diseases state [2]. This corroborates the ideas of treating Jeffrey fluid model
to study the blood flow specifically in a tapered artery containing a stenosis [3]. In addition, the
stretching sheet acts as a driven force to initiate the movement of Jeffrey fluid, such works of [4-7].
They reached the conclusion that the fluid velocity has propensity to increase whereas fluid
temperature did not show any significant decrease owing to the increasing Deborah number, which
signify to the Jeffrey fluid parameter. Meanwhile, several studies thus far examined the Jeffrey fluid
flows through the miscellaneous formation [8-11]. These rapid researches have consistently shown
its suitability for any flow field with particular conditions and also proved the validity of the fluid
model.

Investigating the magnetohydrodynamics (MHD) has been an object of research for its important
practices in engineering industries and medical sciences. Precisely, this is fundamental in MHD
generators, power generators, reducing of blood draining in surgeries, magnetic particles serve as a
transportation agent for drugs and etc. The mechanism of MHD embodies a mutual relationship of
electrically conduit fluid and magnetic field, latter induced a force. Therefore likely to affect the rate
of fluid motion and intensity of magnetic fields themselves. One study examined the magnetic field
flow for Micropolar fluid under the influence of mixed convection along an inclined plate [12].
Meanwhile, the in-depth analysis of the Jeffrey fluid is attempted for MHD flow which revealed that
the increasing magnetic fields has potentially decreased the fluid velocity whilst increased the
temperature profile [13] . Furthermore, combining different types of fluid in the flow field creates
another class of fluid model, provided that these fluids need to be compatible with each other.
Recently, a number of studies have proposed Jeffrey fluid and viscoelastic fluid being incorporated
with micropolar fluid for the case of aligned magnetic field flow [14,15]. In line with this case,
however, it has been suggested for the dusty Casson fluid as in two-phase flow model and the
solutions are obtained numerically for both Casson fluid and solid particles [16].

Motivated by the previous literature, the dusty Jeffrey fluid is proposed according to the
established two-phase model of [17], as being initially mentioned. This initiative has demonstrated,
for the first time the mixed convection flow of the proposed model by taking into account the impact
of aligned magnetic field under conditions of Newtonian heating. In addition, an aligned magnetic
field is equated to the coupling of parameters aligned angle and magnetic field together with velocity
function in the fluid momentum equation. The flow state of dusty Jeffrey fluid is delineated through
velocity and temperature profiles for all-inclusive parameters. It is interesting to note that each
profile has the distributions for fluid and dust phases. The Runge-Kutta Fehlberg (RKF45) method is
employed to obtain the findings herein.

2. Mathematical Formulation

This paper gives an account of stretching sheet flow with uniform velocity u,, (x) = ax, the x-axis
is placed vertically and axis being normal to it as illustrated in Figure 1. The incompressible Jeffrey
fluid having dust particles are transmitted along y- axis by assuming the mixed convection and an
acute angle a; with magnetic field on the flow regime. The sheet surface is heated by Newtonian
heating for which the heat transfer process could be measured.
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Fig. 1. Flow configuration

The constitutive expressions for the Jeffery fluid are

T=-pl+S, (1)
7R ..
S= T (r+/111‘), (2)

whereT, |, S are implies the Cauchy stress tensor, identity tensor and extra stress tensor, p is pressure,
u is dynamic viscosity, A; and A, are relaxation time and ratio of relaxation to retardation times
respectively.

There are certain elements of the dilute dust particles which are deemed to have uniform size
with spherical shape, non-interacting and number density is consistent all along the motion. In
consideration of this and some published studies [17-19], the following are the present boundary
layer governing equations for steady two dimensional fluid flow of dusty Jeffrey

Fluid phase
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Dust phase
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where (u, v) and (uy,, vy are the velocities components of the fluid and particle phase along x andy
axes, respectively. u is the coefficient of viscosity of the fluid, p and p, are the density of fluid and
dust phase, a;is the aligned angle, 7,, = 1/k is the relaxation time of particles phase, k is the Stoke’s
resistance (drag force), ¢, and ¢, are specific heat of fluid and dust particle, T and Tp are the
temperature of fluid and particle phases, y; is the thermal relaxation time, B, is the magnetic-field
strength, g is the gravity acceleration, and £* is the thermal expansion coefficient.

The governing equations stated above need to be transformed into convenient form along with
these boundary conditions

u=u (x)=ax, v=0, a—T=—17T at y=0
w ay S

u—>0, u, >0, v,-»v, T'>T, T —>T  asy—>» (9)

where a is positive constant and h is heat transfer parameter.

To solve the problem formulation, Egs. 3 -9 are required to employ the following similarity
transformation. Additionally, u = —d¥/ dy and v = —d¥/ dx in which ¥ is defined as the stream
function. Thereby, they can be expressed

T-T
T

o0

1/2
u=axft'(n), v= —(&IV)I/2 f(n), n= [gj y, 0(n)=

u,=axF'(n), sz—(av)l/zF(n), 0,(m= pT =, (10)

o0

Definitely, hence ensuing, that the ordinary differential equations of both phases are

1+ /12)(ff” Y ) + De(f"2 —ﬁ’(‘”)+ A+ A)BN (F'=F')~(1+4)Msin’ a, f'
+(1+4,)40=0,

(11)
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0”+Prf0’+§ﬁN(9p —9):0, (12)
F*—FF"+B(F'~f')=0, (13)
9p’p+§%(9—9p)=0 (14)

and the boundary conditions (9) are now can be indicated in the form of
£(0)=0, £(0)=1, 6'(0)=—-b(1+6(0)) atn=0
£'(n) =0, £'(7) >0, F'(m) >0, F() —> £(), () >0, 6,(1) >0 asn—>wo (15)

where a prime (‘) denotes differentiation with respect to 1. De is Deborah number,N is the mass
concentration of particle phase, M is the magnetic field parameter, § is the fluid-particle interaction
parameter, Pr is the Prandtl number, y is the specific heat ratio of mixture, b is the conjugate
parameter for NH and A is the buoyancy parameter with Gy is the Grashof number and Re, is the
Reynolds number. These parameters can be denoted as

B? c c
De=Ja, N=&, m=2Z L ,B=i, Pr='u Z, y=—2,b=-h 4 ,
Yo, pa ar, k c, a
. Gr, o :gﬂ*TwX:'; _u,(x)x
Re 2’ * v ¥ 14

Eqg. 16 is devoted to the exact solution of 11 for Jeffrey fluid flow and can be expressly stated as
[4]

1—exp(—m77)

Fn=—no —, mz—( (16)

1+4, @2
1+ De

The skin friction coefficient Cr and the local Nusselt number Nu, are measured using the
expressions of

T Xxq,
C,=—7—, Nu =——7w=—"—r, (17)
pU(x) k(T -T)
in which
2 2
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with u = pv. 1, q,, and k are clearly be defined as the rate of heat transfer, surface heat flux and
thermal conductivity. Introducing (10) and using (18) into (17), the following expressions are then
ensued as

1+De | .,
C,Re!? =£—]f (0),

1+4,

Nu Re * = 7/(1 +%j : (19)

Here, Re, = (ax?/v) is the Reynolds number.
3. Methodology

The present model constituted of governing equations and appropriate boundary conditions for
Jeffrey fluid and dust particle respectively. Prior to undertaking the numerical solutions, they are
transformed to the ordinary differential equations (11)-(15). The numerical method of Runge-Kutta
Fehlberg (RKF45) is one of the more practical approaches to adopt for this problem in which the
computation is set up in the Maple software. The profiles of velocity and temperature for all phases
are plotted with a view to analyses the behavior of dusty Jeffrey fluid responded to the physical
parameters. The selection of finite boundary layer thickness 11, is prominent as it will determine the
asymptotic behavior of the profile. For this reason, n, = 8 is observed in all figures which also fulfill
the boundary conditions of both phases and accordingly guarantees the accuracy of the obtained
solutions.

4. Results and Discussion

This paper gives an account of stretching sheet The table and figures in this section represents
the analyses of current solutions of dusty Jeffrey fluid, hereby the elaborations on the flow variation
for each phase are provided. It is worth to mention that, this flow problem coincides with the
published study of [19] under conditions of ignoring the parameters of a;, M, A, B, N and y — . He
used the numerical method of Keller-box for solving the Jeffrey fluid flow. Therefore, the values of
skin friction coefficient f"(0) between his research and recent finding are compared. In addition to
that, the second derivative on the surface of exact Eq. 16 is also calculated to increase the reliability
of solutions obtained herein. From Table 1, it can be seen that the values are in great concurrent.
Apart from keeping these parameters as Pr = 10,a; = /6, M =1=1, =N =0.5,4, = De =
0.2,y = 0.1,b = 0.3 for the computation, the values are also varied consistently as illustrated in
those respective figures and table.

Table 1

Comparative values of f"(0) when A, = 0.2 for the assorted value De
De Exact equation [19] Present

0 -1.09544512 -1.09641580 -1.09544592
0.2 -1.00000000 -1.00124052 -1.00000000
0.4 -0.92582010 -1.00124052 -0.92582010
0.6 -0.86602540 -0.86755715 -0.86602541
0.8 -0.81649658 -0.81808091 -0.81649659
1.0 -0.77459667 -0.77618697 -0.77459668
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Figures 2 and 3 show the impact of fluid particle interaction parameter  for dusty Jeffrey fluid.
The similar trends have been depicted in the figures for the rising values of § for both profiles and
phases. The increasing of S led to the reduction of the relaxation time of dust particle t as they are
being inversely proportional. Following this, the dust particles are moving fast in that way of adapting
to the fluid motion, accordingly, the particles generate the drag force when encounter with fluid.
Based on this fact, the observed increase (decrease) in dust (fluid) velocity and temperature profiles
are exposed in those figures.

Fluid phase
— — — Dust phase

Fig. 2. Variation of § on the velocity profile

Fluid phase
— — — Dust phase

| B=05,1,15,2

Fig. 3. Variation of 8 on the temperature profile
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Figures 4 -7 present the influences of magnetic field parameter M and aligned angle a; on the
flow field and heat transfer process, respectively. Seeing that parameters M and «a; in fifth term of
Eqg. 11, they are appears to be correlated. The increasing a; strengthens the intensity of magnetic
field and physically encouraged the drag forces (Lorentz force) that actuate opposite to the flow
direction, ultimately decreased the velocities in both phases. It also has effect on the increment of
temperature profile for fluid and dust phases. The present findings is appertain to the classical
problem of mixed convection flow for transverse magnetic field effect on condition that oy, = /2,
while, when a; = 0 the effect is completely ignored. It is interesting to scrutinize this effect to other
angle other than being transverse or perpendicular to the flow direction.

1
i Fluid phase
— — — Dust phase
0.8
F 061
&
E
= 0.4
e
0.2 1
0 I e T T 1
5 6 7 8
n
Fig. 4. Variation of M on the velocity profile
0.154 Fluid phase
— — — Dust phase
0.10
=
CD&
= M=1,2,3,4
T
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R&-\M
0 N T T T T T T 1
0 1 2 3 4 5 6 i 8
n

Fig. 5. Variation of M on the temperature profile
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1 Fluid phase
— — — Dust phase
0.8 1
6 7 8

Fig. 6. Variation of a; on the velocity profile

0.15] Fluid phase
— — — Dust phase
0,16+
=
o™ T T T T
= “Te T2
=
=)
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Fig. 7. Variation of a; on the temperature profile

Figures 8 and 9 demonstrate the outcomes of introducing Deborah number De to the flow region.
The fluid velocity is detected to rise along with the heightening value in De whilst the dust motion
seems to abate. Meanwhile, the temperature profile for all phases is decreasing with an increase in

De. Noted that, in a mathematical description of e = A;a, both De and the product of 1, and a are
typified to proportional.
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Fig. 8. Variation of De on the velocity profile
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Fig. 9. Variation of De on the temperature
profile

Figures 10 and 11 on the other hand display the assorted value of A, for both phases. It is
perceived that, the augmented value in A, gives rises to the relaxation time which decelerates the

fluid velocity. In contrast, the dust velocity and the temperature profile of two phases are seen to
enhance.
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— — — Dust phase
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Fig. 10. Variation of A, on the velocity profile
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Fig. 11. Variation of 1, on the temperature profile

Figures 12 and 13 show that there has been a slight change in both profiles corresponds to the
various value of mixed convection parameter A. It is likely owing to a high Prandtl number of fluid
having large density, as its less susceptible to A (i.e. Pr = 10 is computed throughout the study). This
is also accords with previous observations carried out by [20], which showed a marked alteration in
the velocity and temperature profiles when Pr = 1. The increasing A effectuates the developing of
buoyancy force over a flow regime which performs as a favourable pressure gradient that facilitates
the fluid transport and enhances the surface heat transfer. Therefore, the velocity and temperature

profiles are observe to increase and decrease, respectively as appeared in those figures for both
phases.
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Fig. 12. Variation of A on the velocity profile
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Fig. 13. Variation of A on the temperature profile

Figures 14 - 17 exhibit the Prandtl number Pr and conjugate parameter b are measured on dusty
Jeffery fluid. A decreasing trend in both profiles can be seen in Figures 14 and 15 corresponding to
the enhancement value in Pr. It is commonly been clarified that a higher Pr value motivates the
momentum diffusivity which also embodies to the increasing in fluid viscosity and unambiguously
hinder fluid migration. Ensuingly, the temperature profile for all phases is significantly deteriorated
and lowers the thermal boundary layer thickness. For Pr = 10, the thermal boundary layer thickness
approaching zero much faster compared to others value of Pr that has been exposed in Figure 15.
This result accordance in all aforementioned temperature profiles which promptly attained the
asymptotic behaviour. Oppositely, the increased b enhances both profiles for all phases. The changes
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for this can be explained by the fact that the heat transfer parameter hy is increase at the surface

and dusty Jeffrey fluid is indeed absorb more heat from the surface that encourages a rise in
temperature profile.

Fluid phase
— — —Dust phase

0.8+

Pr =0.72,1,3,10

0.2

Fig. 14. Variation of Pr on the velocity profile

1.2

Fluid phase
— — —Dust phase

Pr =0.92,1,3,10

04

0.2

Fig. 15. Variation of Pr on the temperature profile
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Fig. 16. Variation of b on the velocity profile

Fluid phase
— — —Dust phase

0.8

b =03,06,09,1.2

Fig. 17. Variation of b on the temperature profile

5. Conclusions

In this study, the Jeffrey fluid acts as a carrier to the dust particles whereby both of them move
along the vertical stretching sheet. To enable the problem solving, some assumptions for all phases
are considered reasonably. Taken together, a dusty Jeffrey fluid model is developed to determine the
interaction between fluid-solid phases on the flow regime. Other than that, factors found to be
influencing the present model are explored in which the numerical method is employed for this
investigation. The results of this study indicate that the fluid velocity and temperature distributions
are always higher than dust particles, besides, the opposite trend between both phases is noticed
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with . Meanwhile, both phases share the similar trend in conjunction to the rest factors. Almost all
of the temperature profiles are not showing a significant change since the viscosity of fluid is high
which can be perceived in the figures. Furthermore, the present study extends some theoretical
knowledge of two-phase flow.

Acknowledgement
The authors gratefully acknowledge the financial support received from Universiti Malaysia Pahang
under Vot RDU 170328.

References

(1]

(2]
(3]
(4]
(5]

(6]
(7]
(8]

(9]

(10]

(11]

(12]

(13]

(14]

[15]

(16]

Ellahi, R., M. Mubashir Bhatti, and loan Pop. "Effects of hall and ion slip on MHD peristaltic flow of Jeffrey fluid in a
non-uniform rectangular duct." International Journal of Numerical Methods for Heat & Fluid Flow 26, no. 6 (2016):
1802-1820.

Ellahi, R., S. U. Rahman, and S. Nadeem. "Blood flow of Jeffrey fluid in a catherized tapered artery with the
suspension of nanoparticles." Physics Letters A 378, no. 40 (2014): 2973-2980.

Akbar, Noreen Sher, S. Nadeem, and Mohamed Ali. "Jeffrey fluid model for blood flow through a tapered artery
with a stenosis." Journal of Mechanics in Medicine and Biology 11, no. 03 (2011): 529-545.

Hayat, Tasawar, Zahid Igbal, Meraj Mustafa, and Ahmed Alsaedi. "Unsteady flow and heat transfer of Jeffrey fluid
over a stretching sheet." Thermal Science 18, no. 4 (2014): 1069-1078.

Zokri, Syazwani Mohd, Nur Syamilah Arifin, Muhammad Khairul Anuar Mohamed, Mohd Zuki Salleh, Abdul Rahman
Mohd Kasim, and Nurul Farahain Mohammad. "Influence of radiation and viscous dissipation on
magnetohydrodynamic Jeffrey fluid over a stretching sheet with convective boundary conditions." Malaysian
Journal of Fundamental and Applied Sciences 13, no. 3 (2017): 279-284.

Al-Sharifi, H. A. M., A. R. M. Kasim, L. A. Aziz, M. Z. Salleh, and S. Shafie. "Influence of Aligned Magneto
Hydrodynamic of Jeffrey Fluid across a Stretching Sheet." Indian Journal of Science and Technology 10, no. 7 (2017).
Qasim, M. "Heat and mass transfer in a Jeffrey fluid over a stretching sheet with heat source/sink." Alexandria
Engineering Journal 52, no. 4 (2013): 571-575.

Nadeem, S., and Safia Akram. "Slip effects on the peristaltic flow of a Jeffrey fluid in an asymmetric channel under
the effect of induced magnetic field." International Journal for Numerical Methods in Fluids 63, no. 3 (2010): 374-
394,

Zin, Nor Athirah Mohd, llyas Khan, Sharidan Shafie, and Ali Saleh Alshomrani. "Analysis of heat transfer for unsteady
MHD free convection flow of rotating Jeffrey nanofluid saturated in a porous medium." Results in physics 7 (2017):
288-309.

Zokri, Syazwani Mohd, Nur Syamilah Arifin, Muhammad Khairul Anuar Mohamed, Abdul Rahman Mohd Kasim,
Nurul Farahain Mohammad, and Mohd Zuki Salleh. "Influence of viscous dissipation on the flow and heat transfer
of a Jeffrey fluid towards horizontal circular cylinder with free convection: A numerical study." Malaysian Journal
of Fundamental and Applied Sciences 14, no. 1 (2018): 40-47.

Rawi, Noraihan Afigah, Mohd Rijal llias, Lim Yeou Jiann, Zaiton Mat Isa, and Sharidan Shafie. "The Effect of Copper
Nanoparticles on Mixed Convection Flow of Jeffrey Fluid Induced by G-litter." Journal of Nanofluids 7, no. 1 (2018):
156-162.

Kasim, A. R. M., N. F. Mohammad, and Sharidan Shafie. "Unsteady MHD mixed convection flow of a micropolar
fluid along an inclined stretching plate." Heat Transfer—Asian Research 42, no. 2 (2013): 89-99.

Kasim, Abdul Rahman Mohd, Lim Yeou Jiann, Sharidan Shafie, and Anati Ali. "The effects of heat generation or
absorption on MHD stagnation point of Jeffrey fluid." In AIP Conference Proceedings, vol. 1605, no. 1, pp. 404-409.
AlP, 2014..

Al-Sharifi, H. A. M., A. R. M. Kasim, M. Z. Salleh, and S. Shafie. "Effect of alighed magnetohydrodynamics on
convective boundary layer flow of Jeffrey micropolar fluid with Newtonian heating across a stretching sheet." In AIP
Conference Proceedings, vol. 1830, no. 1, p. 020049. AIP Publishing, 2017.

Aziz, Laila Amera, Abdul Rahman Mohd Kasim, Mohd Zuki Salleh, Sharidan Shafie, and Wan Nur Syahidah Wan
Yusoff. "Boundary layer flow of mixed convection viscoelastic micropolar fluid over a horizontal circular cylinder
with aligned magnetohydrodynamic effect." Malaysian Journal of Fundamental and Applied Sciences 13, no. 4
(2017): 567-571.

Arifin, Nur Syamilah, Syazwani Mohd Zokri, Abdul Rahman Mohd Kasim, Mohd Zuki Salleh, Wan Nur Syahidah Wan
Yusoff, Nurul Farahain Mohammad, and Sharidan Shafie. "Aligned magnetic field on dusty Casson fluid over a

218



Journal of Advanced Research in Fluid Mechanics and Thermal Sciences
Volume 53, Issue 2 (2019) 204-219

stretching sheet with Newtonian heating." Malaysian Journal of Fundamental and Applied Sciences 13, no. 3
(2017): 245-248.

[17] Saffman, P. G. "On the stability of laminar flow of a dusty gas." Journal of fluid mechanics 13, no. 1 (1962): 120-128.

[18] Siddiga, Sadia, M. Anwar Hossain, and Suvash C. Saha. "Two-phase natural convection flow of a dusty
fluid." International Journal of Numerical Methods for Heat & Fluid Flow 25, no. 7 (2015): 1542-1556.

[19] Dalir, Nemat. "Numerical study of entropy generation for forced convection flow and heat transfer of a Jeffrey fluid
over a stretching sheet." Alexandria Engineering Journal 53, no. 4 (2014): 769-778.

[20] Ishak, Anuar, R. Nazar, and I|. Pop. "Mixed convection boundary layers in the stagnation-point flow toward a
stretching vertical sheet." Meccanica 41, no. 5 (2006): 509-518.

219



