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Abstract. The important matter during any process in the well is wellbore integrity. Regarding to 

the geomechanics of the well, high bottom-hole pressure and low temperature could lead to the 

fracturing. The stress near the wellbore is a function of the flow and temperature, and it precisely 

determined to avoid the wellbore failure. The objective of this paper is to simulate stress change in 

the well for the injection. The stress calculated for different pressures, temperature, and in-situ 

stresses states. 

In order to analyze the stress in the wellbore a finite volume analysis has done for the wellbore. The 

stress equation relates to flow equation with the equation of principle stress. It means that the 

pressure is a key parameter for determination of the stress. The procedure which has to be followed 

is transforming the equations to weak form, meshing the defined shape and programing to obtain 

the values for each node. The result for the stress is obtained for some meshed bodies. The accuracy 

enhanced by choosing smaller mesh sizing. 

Introduction 

Rocks are combination of different materials. But, the rocks have poro-elastic response. The amount 

of the stress indexed by the pore pressure depends on its pore content. The study of the stress in two 

phase medium and void space is essential for the well integrity in oil production from the well. The 

study of the temperature is also important in defining the stress. The theory of thermo-poroelasticity 

(or porothermoelasticity) is developed by combining the influence of thermal stress and the 

difference between solid and fluid expansion. 

An early attempt of applying the stress to the reservoir state had done by Espinoza (1983). Some 

formula that relates the pressure and temperature to the pore compressibility had used in the study 

to obtain the compaction in the steam injection model. He changes the rock properties and reach to 

some results; as the change in permeability resulted from pore volume alteration is not considerable. 

The results were primeval but it was an ignition for further studies. 

In 1987 Lewis and Schrefler had published the first edition of the book of deformation in porous 

media. They had collected the formula of flow and stress and provide mathematical models to solve 

the equations. They had modified their work some years later. 

Settari et al. (1999) expressed the idea of reservoir flow analysis coupling with reservoir 

geomechanics. As they had explained, reservoir simulators ignore the geomechanical aspect of 

porous rocks. They had considered the effect of pressure and temperature on stress and had applied 

it in a field study. They had also studied different coupling and compaction models. They used the 

experimental studies to calibrate the rock characteristics and input the parameter into the simulator. 

Their attempts were the basis of the many works afterwards. Although their results were interesting, 

the study suffers of obsolete formula and boundary conditions.  

Chin et al. (2002) had used an iterative procedure for coupled analysis of multi-phase flow and 

geomechanics in reservoir simulator. They had examined the rocks with other compaction 

behaviors. They had presented the descriptions of formulations, solution procedures, and strategies 

for enhancement of computational efficiency in their paper. Also some different boundary 

conditions had been applied as large-scale field examples. 

Mendes et al. (2012) had done a study of coupling with heterogeneity. They get their special 

boundary conditions and solve the two-phase flow problem using Monte Carlo algorithm. They 
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reach to the result of locally conservative numerical solution and impress that there is an obvious 

change in production resulted by heterogeneity. 

METHODOLOGY 

The FVM method have been used to determine the stress. The stress equation is the main equation which 

should be discretized. The change in pressure and temperature are ignored in this part, and only a distribution 

of pressure and temperature had used.   

The flow chart of the study in this part is expressed in Figure 1. In order to find the stress and strain these 

procedure has to be followed. First the equation should transport into weak form, and be ready to be solved 

for each node. Then the body shape of the study has to be meshed. The program had been developed to find 

the strain and subsequently stress for any tetrahedral meshed body. The feed of the program is the initial and 

boundary conditions, position of the nodes and the connectivity of them. In this paper two different shapes 

have been studied. First, the simple cube and then the wellbore shape body. 

 
Figure 1: The stress and strain calculated using FVM. 

 

Weak Form of Equations 

The equations should transform to the weak form, in order to feed into the FVM. As it mentioned before, in 

this part of study the pressure and temperature distribution remains constant. The main equation in this part 

is stress equation (1), which 𝑓 is the body force and assumed zero in this case. 
𝑑𝑖𝑣 𝜎 − 𝑓 = 0           (1) 

The equation of the poro-elasticity defines the relation between stress and strain. 

𝜎𝑖𝑗 =  𝜆𝜀𝑣𝑜𝑙𝛿𝑖𝑗 + 2𝐺𝜀𝑖𝑗 + 3𝛼𝑇𝐾(𝑇 − 𝑇0)𝛿𝑖𝑗 − 𝐶𝜁       (2) 

Which 𝜁 is the strain of the shear part and could be written in this form: 

𝜁 =  𝜙 (
1

𝐾𝑠
− 

1

𝐾𝑓
) �̅�𝑓          (3) 

The volumetric strain 𝜀𝑣𝑜𝑙 is the following equation: 

𝜀𝑣𝑜𝑙 =  𝜀𝑥 +  𝜀𝑦 +  𝜀𝑧          (4) 

Which strain in x, y and z direction are as followed (5-7). 

𝜀𝑥 =  
𝛿𝑢

𝛿𝑥
            (5) 

𝜀𝑦 =  
𝛿𝑣

𝛿𝑦
            (6) 

𝜀𝑧 =  
𝛿𝑤

𝛿𝑧
            (7) 

Hence, the equation (31) becomes in the form of equations (8-10).      

𝜆 ( 
𝛿2𝑢

𝛿𝑥2 +
𝛿2𝑣

𝛿𝑦2 +
𝛿2𝑤

𝛿𝑧2  ) + 2𝐺
𝛿2𝑢

𝛿𝑥2 + 3𝛼𝑇𝐾
𝛿𝑇

𝛿𝑥
− 𝐶 𝜙 (

1

𝐾𝑠
−  

1

𝐾𝑓
)

𝛿�̅�𝑓

𝛿𝑥
= 0     (8)  

𝜆 ( 
𝛿2𝑢

𝛿𝑥2 +
𝛿2𝑣

𝛿𝑦2 +
𝛿2𝑤

𝛿𝑧2  ) + 2𝐺
𝛿2𝑣

𝛿𝑦2 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡        (9)  

𝜆 ( 
𝛿2𝑢

𝛿𝑥2 +
𝛿2𝑣

𝛿𝑦2 +
𝛿2𝑤

𝛿𝑧2  ) + 2𝐺
𝛿2𝑤

𝛿𝑧2 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡      (10) 

Which the matrix becomes in the format of equation (11), in which 𝑢, 𝑣 and 𝑤 are the deformation in the x, y and 

z directions. 
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[
⋯

⋮ ⋱ ⋮
⋯

]

∗3

[
𝑢
𝑣
𝑤

]

3∗1

= [
0
0
0

]

3∗1

         (11) 

Here, the procedure to change the equation to the weak form begins, and the equations for one direction (x-

direction) is written here. For the others, the procedure is the same. The factor is taken from the equations 

and the derivation of  𝑢 over x transforms to 𝐹 (𝐹 =
𝛿𝑢

𝛿𝑥
). The same procedure is to obtain 𝐺 and 𝐻. The 𝐺 in 

the equation (12) is module of rigidity (shear modulus) and it is different from 𝐺 in the equation (13), which 

is the strain in y-direction.  

𝜆 ( 
𝛿2𝑢

𝛿𝑥2 +
𝛿2𝑣

𝛿𝑦2 +
𝛿2𝑤

𝛿𝑧2  ) + 2𝐺
𝛿

𝛿𝑥
(

𝛿𝑢

𝛿𝑥
) = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡       (12) 

After the transformation, the marix becomes in the format of equation (42). 

[
⋯

⋮ ⋱ ⋮
⋯

]

∗3

[
𝐹
𝐺
𝐻

]

3∗1

= [
0
0
0

]

3∗1

         (13) 

Therefore, this new equation is obtained.   

𝜆 ( 
𝛿𝐹

𝛿𝑥
+

𝛿𝐺

𝛿𝑥
+

𝛿𝐻

𝛿𝑥
 ) + 2𝐺

𝛿𝐹

𝛿𝑥
= 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡        (14) 

The equations should be multiplied by the unit volume.  
𝜆(𝐹∆𝑧∆𝑦 + �̅�∆𝑧∆𝑦 + 𝐻∆𝑧∆𝑦) + 2𝐺𝐹∆𝑧∆𝑦 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 ∗ 𝑣𝑖     (15) 
After rearranging these equation obtain (16-18). Therefore, they should be solved for every single node.   
1

Ω𝑖
𝜆(𝐹∆𝑠𝑥 + �̅�∆𝑠𝑥 + 𝐻∆𝑠𝑥) + 2𝐺𝐹∆𝑠𝑥 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡      (16)  

1

Ω𝑖
𝜆(�̅�∆𝑠𝑦 + 𝐺∆𝑠𝑦 + 𝐻∆𝑠𝑦) + 2𝐺𝐺∆𝑠𝑦 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡      (17)  

1

Ω𝑖
𝜆(�̅�∆𝑠𝑧 + �̅�∆𝑠𝑧 + 𝐻∆𝑠𝑧) + 2𝐺𝐻∆𝑠𝑧 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡      (18) 

Using the summation equation for all the nearby elements for 𝐹, 𝐺 and 𝐻 (equations (19-21)).  

�̅� = ∑
𝐹Δ𝑥

Ω𝑖
          (19) 

�̅� = ∑
𝐺Δ𝑦

Ω𝑖
           (20) 

𝐻 = ∑
𝐻Δ𝑧

Ω𝑖
           (21) 

Tetrahedral Meshed Shapes 

The body shape has to be meshed to find the values by the FVM. The program in this study is developed for 

only tetrahedral shapes. The advantage of this method is that any shape can be applied in this method. The 

requirements are only the mesh positions, connectivity and the boundary condition. Therefore the mesh node 

positions can be import from any software to the program. 

Figure 2 shows the example of the pyramids that attached to a single node. All the properties should be solved 

using the values of all attached nodes. In this study the values of all attached nodes should feed into equation 

(48-50). 

 
Figure 2: Each node values are calculated with the attached node values, elements and volumes. 

 

Figure 3 shows the projection of the triangle in x, y and z planes. The values for the ∆𝑠𝑥, ∆𝑠𝑦 and ∆𝑠𝑧 

should be known for the main equations (45-47). 
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Figure 3: The projection of the triangle, in different planes should obtain for the FVM. 

Results of the Program 

The program reads the data of the node positions, connectivity, initial and boundary conditions. Then it 

calculates all the element volumes and surface projections. Then it uses the iteration method to solve the 

matrix of the equations (45-50) for all nodes. Two model had been applied in the program to find the values 

of the stress and strain. 

EXAMPLE 1 

The first model is the simplest model. A simple cube which departs into 8 cube and consists of 27 nodes 

(Figure 4).  

 
Figure 4: Shape of body in Example 1 which departs to 27 points. 

Each cube divides into 5 pyramids, as in Figure 5. Therefore there is 40 pyramids totally, with the volumes 

of 1/6 and 2/6. The values for all the pyramids attached to each node engaged to the result for the node. In 

this case, it ranges from 1 to 32 pyramids attached to these 27 nodes. 

 

 
Figure 5: Each cube consists of 5 pyramids, and totally there is 40 pyramids is this example. 

 

The result of strain is obtained as the Figure 6. This result is for strain in x direction for the mid level of the 

cube. It can be rotated in any view. These results are obtained for different applied horizontal stresses. 
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Figure 6: The resulted values of the strain for the mid-level. 

 

If the applied horizontal stresses becomes the same, the graph will be symmetric, as in Figure 7. 

 

 
Figure 7: Strain for the mid-level for equal values of horizontal in-situ stresses. 

 

The values of the stress also will find by putting the values of the strains, pressures, and temperatures in the 

main equation. Figure 8 is the obtained result of stress for the mid level of the cube. 

 
Figure 8: Stress values for the mid-level. 

 

EXAMPLE 2 

In order to obtain stress and strain result of the wellbore, the shape of the model has to be sketched (Figure 

9). 
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Figure 9: Shape of study in Example 2. 

Then it has to be meshed (Figure 10). This meshing can be provided using any mesh generator software, 

which can feed the nodes and connectivity to the program (Figure 11). The rest will be done by the program. 

 
Figure 10: Meshed shape for the FVM. 

 
Figure 11: The nodes positions and scheme of connectivity. 

 

The result of stress for this model of wellbore is presented in Figure 12. 

 
Figure 12: Stress values for the mid-level in Example 2. 
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CONCLUSIONS 

The stress and strain have calculated by the FVM. The values is obtained for two cases of the meshed body; 

and it can apply on any meshed body. The wellbore shape is meshed and only one scheme of pressure and 

temperature distribution had applied on the model to see the effects in the stress. 

The equal values and different values of the in-situ stresses had applied. In the equal values stress only 

changes radially but in the different values of the horizontal maximum and minimum stresses the stress 

changes both in radius and angles. 

NOMENCLATURES 

I  identity tensor (dimensionless) 

t time (seconds) 

αT linear thermal expansion 

α Biot’s constant for a porous media 

(dimensionless) 

β turbulency factor 

ε total strain tensor (dimensionless) 

σ macroscopic total stress tensor (tension 

positive) (MPa) 

∇A  gradient of a vector 

r radius (m) 

P Pressure (Psi, MPa) 

θ angle 

i position indicator 

n time indicator 

λ module of elasticity 

G module of rigidity 

u, v , w deformation in the direction of x, y and z 

respectively 

F, G, H strain in the direction of x, y and z 

respectively (same as εx, εy and εz) 

∆sx, y, z  projection of the triangle in x, y 

and z planes 

k bulk modulus 

ks bulk modulus of the solid phase 

kf bulk modulus of the fluid phase 

ζ fluid strain  

FVM finite volume method 

FDM finite difference method
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